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( i v ) 
I n t r o d u c t i o n 
The concept of d u a l i t y i n strong i n t e r a c t i o n s was f i r s t 
introduced i n 1967 by Dol&n, Horn and Schmid^. They st u d i e d the 
c o n s t r a i n t s imposed by a n a l y t i c i t y and c r o s s i n g symmetry using the 
techniques of f i n i t e energy sum r u l e s and found t h a t the d i r e c t 
channel resonances and crossed-channel Regge poles provided, i n an 
average sense, e q u i v a l e n t d e s c r i p t i o n s of the same phenomena. 
2 
Soon a f t e r t h a t Veneziano constructed a model f o r the four-
p a r t i c l e amplitude which s a t i s f i e d most of the requirements of 
d u a l i t y . T h i s model e x h i b i t s an i n f i n i t e number of poles i n the 
s-channel. or t-channel i n such a way t h a t d u a l i t y i s s a t i s f i e d . 
(The sum over the poles i n s-channel i s equivalent to the sum over 
the poles i n t - c h a n n e l ) . I n a d d i t i o n i t was found t h a t the model 
3-5 
could be g e n e r a l i z e d to m u l t i p a r t i c l e amplitudes . The r e s u l t a n t 
amplitudes e x h i b i t s f a c t o r i z a t i o n and possess s i m i l a r p r o p e r t i e s . 
Recently, Hoyer, T o r n q v i s t and Webber , r e k i n d l e d i n t e r e s t 
i n the multi-Regge l i m i t s of s c a t t e r i n g amplitudes with t h e i r 
observation t h a t the conventional multi-Regge l i m i t of the s i x -
p a r t i c l e amplitude of the Veneziano model shows, fo r some values 
of momentum t r a n s f e r , Regge behaviour corresponding to the exchange 
of a t r a j e c t o r y which does not couple to the two p a r t i c l e s t a t e s 
and thus does not appear i n two body processes. They were l e d to 
t h i s d i s c o v e r y by the observation t h a t the multi-Regge l i m i t of 
the s i x - p a r t i c l e amplitude corresponding t o the exchange of 
ordinary t r a j e c t o r i e s ^ , 
has poles at nonsense wrong s i g n a t u r e points 
(v) 
r e s u l t i n g from two s i n g u l a r v e r t i c e s and only one vani s h i n g 
propagator. As the f u l l amplitude has no s i n g u l a r i t i e s a t these 
points e q . ( l ) cannot represent the asymptotic behaviour of the 
amplitude near these poles. Hoyer et a l observed t h a t (1) does 
not represent the c o r r e c t asymptotic behaviour f o r 0^.^-1 and 
th a t t h e r e i s an a d d i t i o n a l c o n t r i b u t i o n corresponding to the 
exchange of a new t r a j e c t o r y [3^ = (oi^-O/l which dominates f o r 
• The c o n t r i b u t i o n due to t h i s new t r a j e c t o r y and i t s daught 
has compensating poles a t nonsense wrong s i g n a t u r e points, making 
Q 
the f u l l amplitude r e g u l a r there. Recently Hoyer analysed the 
behaviour of the ei g h t point function i n a h e l i c i t y l i m i t and 
found t h a t t h i s amplitude e x h i b i t e d behaviour corresponding to 
the exchange of not only the ordinary t r a j e c t o r y and of the /3 
t r a j e c t o r y but a l s o of a f u r t h e r t r a j e c t o r y Y, = 2 i - - \ - T h i s l e d him 
to s p e c u l a t e about a p o s s i b l e e x i s t e n c e of a whole family of 
t r a j e c t o r i e s o < = ^ - - ^ >k = 1,2,3, whose k = 1,2,3 t r a j e c t o r i e s 
correspond to the oL, |3 ^  t r a j e c t o r i e s mentioned above. He b r i e f l y 
d i s c u s s e d t h e i r p r o p e r t i e s of which probably the most important 
i s the vani s h i n g c o u p l i g of the o£ to s t a t e s with not more than 
k p a r t i c l e s . 
The o r i g i n a l d i s c u s s i o n of Hoyer et a l . , which e x h i b i t e d 
the /3 t r a j e c t o r y exchange, involved the double h e l i c i t y l i m i t of 
9 
the s i x point f u n c t i o n . Recently a d i s c u s s i o n was given of the 
behaviour of the s i x p a r t i c l e amplitude i n the multi-Regge l i m i t 
e x h i b i t i n g the c o n t r i b u t i o n of the /3 t r a j e c t o r y . I n t h i s paper 
i t was a l s o argued t h a t the e x i s t e n c e of new t r a j e c t o r i e s i s not 
expected to be confined only to the Veneziano model and t h a t most 
( v i ) 
models a r e expected to e x h i b i t unconventional behaviour f o r some 
values of the t r a n s f e r r e d momenta. 
In the f i r s t chapter we review the Veneziano model, e s p e c i a l l y 
the p a r t s which w i l l be used i n the next chapters. I n chapter two, 
a f t e r a b r i e f d i s c u s s i o n of the s i x point amplitude, we determine 
the f u l l c o n t r i b u t i o n of the 28 exchange and one B exchange i n 
the seven point function, and we obtain the |? - o t - p a r t i c l e vertex. 
I n a d d i t i o n we f i n d t h a t i n s p i t e of the equivalence of 
s i g n a t u r i z a t i o n and t w i s t i n g on the o< t r a j e c t o r y l e v e l , they are 
d i f f e r e n t on the 0 t r a j e c t o r y l e v e l . 
I n chapter t h r e e we determine the f u l l c o n t r i b u t i o n of the 
l i n e a r 3^ and 2(3^ exchange i n the eight point function. ( I n order 
to d e r i v e these r e s u l t s we use a mixed p r e s c r i p t i o n f o r the 
a n a l y t i c a l c o ntinuation; some v a r i a b l e s are continued to t h e i r 
c o r r e c t v alues s t r a i g h t away, some others are continued to 
d i f f e r e n t values f i r s t and a r e continued to t h e i r c o r r e c t values 
a f t e r the asymptotic l i m i t has been taken. We have not proved 
the v a l i d i t y of t h i s p r e s c r i p t i o n i n general but we b e l i e v e t h a t 
i t g i v e s a c o r r e c t f i n a l r e s u l t and i n the appendix we show t h i s 
e x p l i c i t l y f o r the s i x point f u n c t i o n where the c o r r e c t a n a l y t i c a l 
c o n t i n u a t i o n i s d i s c u s s e d i n d e t a i l and shown to agree w i t h the 
r e s u l t s of the mixed p r e s c r i p t i o n ) . 
We co n s i d e r the f a c t o r i z a t i o n p r o p e r t i e s of the new 
t r a j e c t o r i e s by comparison of the expressions obtained f o r the 
seven point function and the eight point function. We f i n d t h a t 
due to the d i f f e r e n c e between s i g n a t u r i z a t i o n and t w i s t i n g the 
complete c o n t r i b u t i o n of the 3/3 exchange t o the eight point 
( v i i ) 
f u n c t i o n does not f a c t o r i z e i n t o a product of two complete 3/3 
t r a j a c t o r y - one p a r t i c l e v e r t i c e s , determined from the seven 
point function thus showing t h a t simple f a c t o r i z a t i o n p r o p e r t i e s 
of the t r a j e c t o r y a r e not shared by i t s s i b l i n g s . However, the 
f a c t o r i z a t i o n i s v i o l a t e d only by a mismatch of some phase f a c t o r s 
and the p a t t e r n s of i t s breakdown suggests an underlying s t r u c t u r e 
which we have so f a r been unable to u n r a v e l . 
I n chapter four we i n v e s t i g a t e the higher point f u n c t i o n s and 
show t h a t the mechanism which allows to e x h i b i t the c o n t r i b u t i o n s 
of the 3 and % t r a j e c t o r i e s to the s i x and e i g h t point f u n c t i o n s 
r e s p e c t i v e l y When a p p l i e d to higher point f u n c t i o n s e x h i b i t s 
c o n t r i b u t i o n s coming from the exchange of f u r t h e r t r a j e c t o r i e s 
from the family suggested by Hoyer. A l s o we e s t a b l i s h t h e i r 
behaviour under the operation of t w i s t i n g . 
I n chapter f i v e we d e r i v e the s t r u c t u r e of 3/3 and of the 
2|J6L- v e r t i c e s , where we show t h a t the 3/3 ver t e x vanishes whereas 
the s t r u c t u r e of the 2. (Jot-vertex i s s i m i l a r to the 3<* vertex. 
I n chapter s i x we d i s c u s s p o s s i b l e phenomenological 
consequences of these new t r a j e c t o r i e s . We look a t these t r a j e c t o r i 
i n the conventional dual model (CDM) and the Neveu-Schwarz model 
(NSM), and show t h a t i n p r a c t i c e only the of (NSM) can be of 
any phenomenological importance. We d i s c u s s the assumptions made 
i n order to s u b s t a n t i a t e t h i s c l a i m and present proposals for the 
phenomenological s e a r c h f o r the e f f e c t s due to these t r a j e c t o r i e s . 
( v i i i ) 
I n the l a s t chapter we l e a v e a s i d e the Veneziano model 
and i n v e s t i g a t e the mutual r e l a t i o n between Regge poles and 
Regge cut and t h e i r c o n t r i b u t i o n to the four point amplitude. 
I t has been shown t h a t i f the Pomeron s i n g u l a r i t y i s l i n e a r 
and has an i n t e r c e p t a t one, the Regge cut corresponding to the 
exchange of two such poles g i v e s a negative c o n t r i b u t i o n t o the 
t o t a l c r o s s s e c t i o n ( a b s o r p t i v e c u t " ) . I n Regge f i e l d theory 
language t h i s f a c t corresponds t o the imaginary t r i p l e Pomeron 
coupling vertex. I n t h i s t h e s i s we i n v e s t i g a t e to what extent 
these r e s u l t s depend on the l i n e a r t r a j e c t o r y of the Pomeron. 
To study t h i s problem we choose to consider the square root 
9-a 
t r a j e c t o r y f i r s t suggested by Schwarz . We f i n d t h a t the 
r e s u l t s are b a s i c a l l y unchanged although on the way to t h i s 
r e s u l t we encounter some t e c h n i c a l problems. 
Chapter One - The Veneziano Model 
I n 1968 Veneziano constructed a model f o r the 2-2 s c a t t e r i n g 
2 
amplitude . The model i s based on a narrow resonance approximation 
and a l i n e a r form of Regge t r a j e c t o r i e s , and i t possesses s e v e r a l 
d e s i r a b l e f e a t u r e s , l i k e c r o s s i n g symmetry, resonance poles, and 
Regge behaviour. 
P + 
For the s i m p l e s t case of 4 n e u t r a l bosons with J = 0 , the 
n o n - d i f t r a c t i v e p a r t of the amplitude i s desc r i b e d by (see F i g . l ) 
A 4 ( s , t , u ) = /3 [ B 4 ( s . t ) + B 4 ( u , t ) + B 4 ( s , u ) ] , (1-1) 
w h e r e
 I X r c - ^ o n - r f w ; 
0 a ( S / t ) = ?>(-oll*),-°<U:))=Ll V - ( 1 _ 2 ) 
w i t h o£(S) = S + °<M,etc. and has poles a t o<.is),o<(-t)« n , nsinteger^. o 
The gamma function i n the denominator prevents double poles which 
occur ato ( ( s ) and o(H)being both i n t e g e r . I t can be shown t h a t 
e q ( l - 2 ) and hence each of the th r e e terms i n (1-1) can be 
completely represented by a sum of narrow-resonance poles i n 
e i t h e r of two channels with r e s i d u a t h a t a r e polynomials of the 
appropriate order i n the other channel v a r i a b l e . 
Oft D a l ^ >T ; = D ^ « t > ) r " i v s L — 
m n-omi ' (1-3) 
where 
2 
I n order t o f i n d the asymptotic behaviour of A(s,t,U) as 
ct^s)_>oo we w r i t e eq. (1-2) as 
* . ' (1-4) 
and from now on for s i m p l i c i t y we assume u n i t slope f o r the 
t r a j e c t o r i e s i . e . o< = \ • 
Sin c e (1-4) i s defined f o r negative v a l u e s of ot , we f i r s t 
take S — v-oo,and keep t fixe d , then continue i n s. I n t h i s l i m i t 
the region X « o i n the i n t e g r a l dominates. To e x h i b i t t h i s we make 
the following change of v a r i a b l e 
- s V 
and use ( \ + — ) <~' & to obtain 
i . e . B H U/O = C-S} —^ o/t-t>) 
S i m i l a r l y , B ^ t U z - t ) gives 
(1-5) 
(1-6) 
where to obtain (1-6) we have made use of S - f t - m = U-hi1" - f i x e d . 
I t i s p o s s i b l e to show t h a t the t h i r d term i n (1-1) g i v e s an 
exp o n e n t i a l l y v a n i s h i n g c o n t r i b u t i o n to the s c a t t e r i n g 
amplitude provided the region i n which the asymptotic a n a l y s i s 
a p p l i e s i s the e n t i r e complex plane except f o r small wedges about 
the p o s i t i v e and negative r e a l a x i s of an a r b i t r a r y small opening 
angle. 
To f i n d the t o t a l c o n t r i b u t i o n to the s c a t t e r i n g amplitude 
we add the two f i r s t terms i n ( 1 - 1 ) . I n the f u l l amplitude the 
c o n t r i b u t i o n of the second term appears with a f a c t o r Z r e l a t i v e 
to the c o n t r i b u t i o n of the f i r s t term (see F i g . 2 ) . ( t i s the 
t w i s t i n g operator which i s e q u i v a l e n t t o the s i g n a t u r e f a c t o r 
on the o< t r a j e c t o r y l e v e l , but as we s h a l l see i n the next chapters 
t h i s i s not the case f o r a l l s i b l i n g s ) . 
So 
where we have assumed 6 = 1 and have continued i n s to i t s 
p o s i t i v e v a l u e s . 
3 
Next we consid e r the fitfe p o int amplitude of the dual model. 
3-5 
We w r i t e the Bardakci-Ruegg r e p r e s e n t a t i o n for t h i s amplitude : 
-irrom) oin) 
£ S , (1-7) 
V 5. 
0 (1-8) 
with = S{. -+o<(o> 
The independent v a r i a b l e s a r e (see Fig.3) 
z. 
S .S iK = tf!+ P?) t i = . ( P < f - P s ) 15 
4 
To obtain the double Regge l i m i t of f i v e point function, we f i r s t 
l e t S» , S i ,Si5 —* - °°in such a way t h a t 15 = K = f i x e d and a l s o 
• S1 S2 
keep t ^ ' ^ f i x e c ^ a n < ^ t n e n continue S s to t h e i r p o s i t i v e v a l u e s . 
We make the us u a l change of v a r i a b l e s 
and use s „ 
(>4) - e 3 
to obtain „ P° _D< _, - o u _ , 
Next we apply the i d e n t i t y 
* , ( A 
*TU J 
X - i - ( 1 " 1 0 ) 
to the l a s t term i n the exponential i n (1-9) and perform the 
c) i >*$z and \ i n t e g r a t i o n s to obtain ^' ^ ° 
b s ^ (_Slf' (-sLf1 j i - * f 1 n-*>.+<orc-*.),^ ( - ^ w ^ - * . * 1 
+ *(1-11) 
To f i n d the f u l l c o n t r i b u t i o n we add a l l r e l e v a n t diagrams w i t h 
r e l e v a n t t w i s t i n g f a c t o r s and end up with (see Fig.4) 
j - » 
+ ^ (1-12) 
5 
Since Regge r e s i d u e s i n Dual Resonance Model f a c t o r i z e * " \ 
we can use (1-7) and (1-12) to d e f i n e an o< Reggeon Propagator 
and a l s o a Reggeon-Reggeon-particle v e r t e x (we assumed t h a t the 
p a r t i c l e - p a r t i c l e - R e g g e o n v e r t e x i s one) as 
DH.^ i]--n-°'') j S ( l - 1 3 a ) 
(1-13) 
r e s p e c t i v e l y . 
Ecf. (l-13b) has nonsense wrong - s i g n a t u r e zeros a t 
-2.n+L(i+t,) , n-.|,2,- ,r i*+',->.- (1-14) 
and the vert e x f u n c t i o n i n (l-13b) has poles a t the same p o i n t s . 
However i n the double Regge l i m i t of the f i v e point amplitude 
h 5 = D(^,>t.)V(<x.><*L;K) D ( * * ' t J ( 1 " 1 5 > 
the poles of the v e r t e x function a r e c a n c e l l e d by the zeros of 
the propagator and the f i n a l r e s u l t i s f i n i t e . Thus we do not 
expect nonsense wrong - s i g n a t u r e zeros i n the f i v e point 
amplitude. I n the expression f o r the s i x point function i n the 
multi-Regge l i m i t (Fig.5) 
A 6 = D(«..t.)V(<x,.<x.; K.) D(^."Cv) V t ^ . t f j ; M D(*3't,) 
(1-16) 
t h e r e a r e two s i n g u l a r v e r t i c e s and only one va n i s h i n g propagator 
6 
a t o ^ s - I > •• with t i . t + 1 , - 1 , — r e s p e c t i v e l y and we see 
t h a t the amplitude i s s i n g u l a r a t these p o i n t s . As we know t h a t 
the exact amplitude i s r e g u l a r a t these points, eq.(l-16) cannot 
be the c o r r e c t asymptotic behaviour of A at oi, m-) . However 
6 
6 
as i t has been shown by Hoyer, T o r n q v i s t and Webber th e r e i s 
another c o n t r i b u t i o n from the exchange of a new t r a j e c t o r y which 
i s r e l a t e d to the csi t r a j e c t o r y by (I = ~ 1 which develops a 
pole a t o< t=-l i n such a way t h a t the residua of these poles 
6 9 
c a n c e l . I t has a l s o been shown ' t h a t i n the region o^ f c+l^° 
t h i s new c o n t r i b u t i o n dominates, and t h a t f o r o£u+l the 
c o n t r i b u t i o n s of both o< and fl a r e important. Hoyef et a l . a l s o 
have shown t h a t the pole a t ^ t s - i which appears f o r "£.=-1 
i s c a n c e l l e d by a daughter of the new t r a j e c t o r y which i s p a r a l l e l 
to 8 and spaced by JL u n i t . I n the next chapter we d i s c u s s some 
p r o p e r t i e s of t h i s new t r a j e c t o r y . 
Chapter Two. The J3 T r a j e c t o r y 
2-1. The s i x point f u n c t i o n and the g t r a j e c t o r y : 
The c o n t r i b u t i o n of the /3 t r a j e c t o r y exchange to the m u l t i -
Regge l i m i t of the Veneziano model s i x point f u n c t i o n has been 
d i s c u s s e d i n d e t a i l i n r e f . (6, 9, 12). The two s i x point diagrams 
t h a t c o n t r i b u t e to the j3 exchange a r e shown i n F i g . (6-a and b) . 
T h e i r c o n t r i b u t i o n was given i n re f . 6 , and i t was a l s o evaluated 
by a s l i g h t l y d i f f e r e n t method i n r e f . 9 , and 12. Here we follow 
the method of ref.12 to d e r i v e the c o n t r i b u t i o n of both these 
diagrams. 
To determine the c o n t r i b u t i o n of F i g . ( 6 - a ) we co n s i d e r the 
Veneziano amplitude corresponding to diagram ( 7 - a ) , and take 
the Regge l i m i t corresponding t o F i g . ( 6 - a ) . The amplitude of F i g . 
(7-a) i s defined f o r 
S
I 3 ' V - S ' < ° S , 3 l 4 ~ - S , S , K , < o 
S J„v4S 1 . < i > s,. s ~-+s,sts3 K,^K° ( 2" 1 } 
and so i t r e q u i r e s c o n t i n u a t i o n i n S r i k , ) K , ctW <f> 
- «-7f 
S i e 
LIT 
= - K, e 
in 
4> = e 
(2-2) 
We choose to continue K , , K t ,4 f i r s t , keeping S t a t i t s n e g a t i v e 
values and to continue to p o s i t i v e values only a f t e r the 
asymptotic l i m i t has been taken. I n the appendix we j u s t i f y t h i s 
p r e s c r i p t i o n . There we show how the r o t a t i o n of the i n t e g r a t i o n 
3 
contours allows the c o n t i n u a t i o n of to p o s i t i v e v a lues before 
the asymptotic l i m i t i s taken and t h a t both approaches lead to 
the same f i n a l r e s u l t . 
Thus we take the expression f o r the s i x point f u n c t i o n shown 
i n F i g . ( 7 - a ) 
the asymptotic p a r t s of a l l t r a j e c t o r i e s i n channels whose 
v a r i a b l e s become l a r g e i n the multi-Regge l i m i t . The i n c l u s i o n 
of non-asymptotic terms, e s p e c i a l l y i n r e l a t i o n (2-1) complicates 
the d i s c u s s i o n but does not a l t e r the f i n a l r e s u l t . 
As the dominant asymptotic behaviour comes from X^«0 > 
we expand the l a s t s i x f a c t o r s i n (2-3) u s i n g 
We keep as few terms i n these expansions as req u i r e d by f u r t h e r 
c a n c e l l a t i o n s . Thus i n t h i s case we keep only the two terms f o r 
the f a c t o r i n v o l v i n g S 2 # and only the le a d i n g terms f o r a l l other 
f a c t o r s . 
I n t h i s way we w r i t e 
S , 
i I - X 8 ' w3 \ \ - X, X 
S 3 
( ± L * 1 _ \ Ci-xJO-x^x,) n-x.x,. \ 
\ i -xTxTxT/ O-X.XOO-XLX,) 
- x . y ) { «-x,y y (2-3) 
i n which o ^ = c><(i£) a n ( j where f o r s i m p l i c i t y we have kept only 
9 
X , X 5 
(2-4) 
We introduce a h e l i c i t y - l i k e i n t e g r a l 
lift J 
= J L 
2-Tfi 
change the v a r i a b l e s X ( - —- > X3 = - — a n d l e t S t ,Sj.—*00 o b t a i n i n g 
St ^ 1 
We perform the ^ ( and 3 i n t e g r a t i o n s o b t a i n i n g 
1 5 , - 5 , 
2.1ft J J 
p(X-o ( I ) r ' (X-^) (-x.s.fCK,*) (I-X^+X.S.K.) 0=x t +y ,s tK t) . 
Next we perform the X i n t e g r a t i o n and obtain 




where 2 = — -—— . and ^  (a, c;x) i s the Tricomi 
K| Ki.<p 
13 
fun c t i o n . Using the r e l a t i o n of ^ ( a , c ; x ) t o the confluent 
hyper-geometric f u n c t i o n * 
' (2-6) 
we can r e w r i t e (2-5) as 
(2-7) 
As the dominant asymptotic behaviour of the i n t e g r a l comes 
from X L*^o w e change the v a r i a b l e of i n t e g r a t i o n X t to 
where o<^p^\and l e t - S t — > 0 0 • 
The expression (2-7) i s not very s u i t a b l e to f i n d the 
c o n t r i b u t i o n f o r P=l. I n t h i s c a s e i t i s more convenient t o s t a r t 
from eq.(2-4) and t o introduce t h r e e h e l i c i t y - l i k e i n t e g r a l s 
f o r the l a s t t h r e e f a c t o r s i n the exponential,then change the 
v a r i a b l e s . 
and l e t S , , (- S O > S3—v Co »After performing the ^ , , ^ 2 . and ^ 3 
7, 10 
i n t e g r a t i o n s we obtain ' 3 Y**'80 \ 
r ( X i + x , - « / , ) r ( ^ ^ 3 - ^ r ( X i + x ^ x a - ^ o t - K » ) ^ 
*Most of the s p e c i a l f u n c t i o n s used i n t h i s t h e s i s a r e i n re f . 1 3 . 
11 
Next we change -•»• \ - ^ 3 > \i—^Xi.-'Xj obta i n i n g 
B6 ~ ^ j " ^ ' c - s o L ^ cAx, (h jx* p c - ^ r ( * . - ^ r ^ - ^ 
X, Xv *3 
r c x ^ x ^ - ^ r f - ^ + ^ r t - x ^ x , ) (-10 t • 
(2-8) 
We perform the X 3 i n t e g r a t i o n and obtain 
x, x L 
Next we use the formula f o r the a n a l y t i c a l c o n t i n u a t i o n of 
the hyper geometric f u n c t i o n 
1 
i F (*'b; t ; 1- + ) s r ( 0 p ( b - f l ) f * F c-b; a-b*»;4.) + la*+b) 
(Ma) 
and a l s o 
p t - b + O p(-c+fl+U (2-9o) 
to obtain f i n a l l y : f + i t f 
R TLT. t fit' ^ J — { 
pc-\i)r(x,-<v,)p(x,-o/^ (-




X , l 
(2-10) 
which i s the most convenient form of e x h i b i t i n g the 
c o n t r i b u t i o n of the o< t r a j e c t o r y exchange. 
To i n v e s t i g a t e the case 0 ^ PO we s t a r t from eq. (2-7), 




- f l-P 
To c a l c u l a t e the asymptotic behaviour of eq. (2-11) we f i r s t 
continue K,, Ki_ # ^  t o t h e i r f i n a l v a l u e s as given i n (2-2) w i t h 
— v - oo and a t the end continue to the p o s i t i v e v a l u e s . 
T(b) X a' b 
Using ,P(a,t;X) > ^ — 6 X i n eq. (2-11) and keeping only 
the terms which a r e needed we a r e l e f t w i th 
13 
e • e . (2-12) 
For <J) s I the term i n the c u r l y bracket vanishes. T h i s i s due to 
the c a n c e l l a t i o n between the two terms i n (2-6). However fo r ^ >r £ 
which i s the c o r r e c t value for 4* i n t h i s case, the two terms have 
d i f f e r e n t phases and the r e s u l t a n t expression i s non zero 
f o for 4 M 
The convergence of t h e ^ i n t e g r a l r e q u i r e s showing t h a t the 
e f f e c t i v e power of S2» which determines the form of the /3 t r a j e c t o r y 
i s « - *• . F i n a l l y we perform the Y_ i n t e g r a t i o n i n (2-12) I 1 2 
and continue the r e s u l t to p o s i t i v e values of S^, obtaining: 
2 s i e . < 2" 1 3> 
To d e r i v e the f u l l c o n t r i b u t i o n to the s c a t t e r i n g amplitude 
we have to consid e r a l s o the diagram shown i n Fig. ( 6-b). 
C a l c u l a t i o n of the expression corresponding to t h i s diagram 
proceeds i n the analogous way. We s t a r t w ith the expression 
corresponding t o the diagram shown i n Fig. (7b). Now the amplitude 
i s defined f o r 
S ^ - S a < » S 3 5 ^ S ^ S a K i <o • (2-14) 
and so r e q u i r e s c o n t i n u a t i o n i n K l , K » . > ^ 
14 
, 271 t 
<? = e 
We s t a r t with 
(2-15) 
change the v a r i a b l e of i n t e g r a t i o n X -j to W X** I - X^il^ "* 
and as before use (|-X) = P|- ftX- <*X.—v f o r the l a s t s i x 
bra c k e t s and keep only the terms which are necessary i n f u r t h e r 
s t e p s . I n t h i s way we obtain 
I 
' ( i i i _ * ! v - l ) 
6 6 - r 1 r l T i 3 \ ( j lx.dx^ua x, x , 
o 
«*p} -x,s, 0 -xO-wi*»o-x*> - x * s L - • VO^ S^ K, 
+ Xi.U3 S ^ S j - XX ,.U3 S,S,.S3 K» K». 
(2-16) 
Next we w r i t e the l a s t f a c t o r i n the exponential as a h e l i c i t y -




and we see t h a t the d i f f e r e n c e between (2-17) and (2-7) l i e s 
only i n the replacements: 
The oi. c o n t r i b u t i o n comes from the change of v a r i a b l e X rSi.»^i.* 
To e x h i b i t t h i s c o n t r i b u t i o n we s t a r t from eq(2-16) and follow 
the same steps as i n the previous case. The f i n a l r e s u l t i s 
e x a c t l y the same as (2-10) apart from the a d d i t i o n a l phase Q. 
as expected. 
To d e r i v e the c o n t r i b u t i o n of the £ t r a j e c t o r y we change 
p 
the v a r i a b l e X t(-S,.) = , o< P< I , ^ i e - x,_S* —•»» °o *A S t -*•«•) 
and proceed i n the way as before. The j u s t i f i c a t i o n f o r the 
a n a l y t i c a l c o n t i n u a t i o n s i s given i n the appendix. Note t h a t 
! _ _ j _ _ . XtSt ^ oo coo S*-
W f^f 0-*0<l> co 
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To determine the asymptotic behaviour of (2-17) we f i r s t 
continue K ^ K ^ C ^ , to t h e i r c o r r e c t values, keeping S 2 l a r g e and 
p o s i t i v e . T h i s allows us to take the asymptotic behaviour of ,Fj 
f u n c t i o n s : 
Then we temporarily continue the r e s u l t a n t expression i n (2-17) 
to SJX* f i n d i t s asymptotic behaviour as $1.- - °° , and 
continue the r e s u l t back t o S , .—*• 0 0 obtaining: 
B ^ - r ^ r , sNT' k,\1> w X - W - W X i * * X l ~ * ° * * \ - * ^ 
I (2-18) 
or a s CP = p 
i d x . x ^ ' **P\4 S l] 
(2-19) 
I n a d d i t i o n to the above diagrams t h e r e are s i x other 
diagrams shown i n F i g . ( 8 ) , which c o n t r i b u t e to the s i x point 
amplitude i n the multi-Regge l i m i t . They a l l correspond to I • 
T h e i r c o n t r i b u t i o n s to the o<^tra j e c t o r y apart from the phase 
f a c t o r s are e x a c t l y the same, and are such t h a t the complete 




" : ' W . r ) . p ( . 0 < ) ( l + e i * ' ) s , < , 
and thus e x h i b i t s f u l l Regge f a c t o r i z a t i o n . 
However on the /3 t r a j e c t o r y l e v e l the expression i n the 
c u r l y b rackets i n (2-12) and i n (2-18) vanish. Thus the new 
t r a j e c t o r y g i v e s c o n t r i b u t i o n to the f u l l amplitude only when 
both «| and ocj Reggeous are t w i s t e d (i-e- $ - £ ) • T n e 
complete c o n t r i b u t i o n of the /3 t r a j e c t o r y i s t h e r e f o r e given by 
A4 = -TTi r,* 3 + (s, KO' °*P(-W (S*<T3 **?(-•!<J 
2 p(-i-(»0 s* e (2-2D 
As mentioned before f o r the t r a j e c t o r y g i v e s 
the dominant c o n t r i b u t i o n to the s c a t t e r i n g amplitude, whereas 
for the 0 A t r a j e c t o r y i s dominant; thus the dominant 
c o n t r i b u t i o n i s given by eq. (2.20) f o r oi ^  > -l yeq. (2. 21) f o r ^ t < - l 
and for oi^ - \ both eq. (2.20) and (2.21) have to be taken 
i n t o account (see F i g . 9 ) . 
6 9 
As i t has been shown ' each one of the eq. (2-20) and (2-21) 
18 
develops a pole a t °*i = - l , b u t t h e i r residua c a n c e l each other. 
From eq. (2-19) the s t r u c t u r e of dL- p a r t i c l e v e r t e x can be 
read of as 
The phase f a c t o r of expression (2-21) shows t h a t f o r the 
/3 t r a j e c t o r i e s , "C l (does not have the meaning of s i g n a t u r e and 
should presumably be thought of as r e p r e s e n t i n g some c h a r g e - l i k e 
9, 12 
quantum number ' . The dependence of the diagrams of F i g . ( 6 a ) 
and (6b), corresponding to the exchange of an oL t r a j e c t o r v i s 
given by {- S x) + t t S i z r ^ i + e j S t . 
As s i g n a t u r i z a t i o n i n v o l v e s symmetrization or antisymmetrization 
of the amplitude with r e s p e c t to S Z — ¥ - S t we see t h a t as 
corresponds a l s o to the s i g n a t u r e of the o ^ t r a j e c t o r y . Thus 
f o r the c< t r a j e c t o r i e s i n the Veneziano model s i g n a t u r e and 
t w i s t i n g :- i n t e r p r e t e d as a c h a r g e - l i k e quantum number - are 
e q u i v a l e n t . 
However expression (2-21) shows t h a t t h i s i s not the case 
f o r the /3 t r a j e c t o r i e s as now the c o n t r i b u t i o n of diagrams (6a) 
and (6b) g i v e s 
under 
and we see t h a t "C^ ( t w i s t i n g ) i s i n e q u i v a l e n t to the s i g n a t u r i z a t i o n . 
19 
Looking a t (2-21) we see t h a t the |3 t r a j e c t o r y exchange c o n t r i b u t e s 
only to the amplitudes which are even under t w i s t i n g (^j . = - * l ) 
and t h a t the /3 t r a j e c t o r y i s a t l e a s t doubly degenerate as i t 
gi v e s c o n t r i b u t i o n t o amplitude of e i t h e r s i g n a t u r e . 
2-2. The seven point f u n c t i o n and the two J3 t r a j e c t o r i e s 
I n t h i s s e c t i o n we determine the complete 2/3 c o n t r i b u t i o n to 
the seven point f u n c t i o n . To do t h i s we determine the c o n t r i b u t i o n 
corresponding to a l l four diagrams shown i n F i g . ( 1 0 ) . 
F i r s t we co n s i d e r the s i m p l e s t diagram, (10a). To do t h i s 
we consider the Veneziano amplitude corresponding to diagram (11a), 
and take the multi-Regge l i m i t corresponding to F i g . ( 1 0 a ) . The 
14 
amplitude of Fig.(11a) i s defined for 
. S , 3 ~ - S , < o 
S$ f *j - Si) <o 
$sif S i 
5«fS ~ S 3 <o 
S4S"7~ - S3S«fK3<o 
S I ^ S ~ - S . S ^ K . K ^ ^ o 
c 
C 
° U i f 5 7 ^ S » s * « i H K i * i K a f , £ n < o (2-22) 
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Where i n the multi-Regge l i m i t K^, K^, a r e constant and "| 
resemble ^ i n the s i x point function, and i n the multi-Regge 
l i m i t are a l l numerically +1, although i n t h i s case one of them 
( ) has to be continued to = e.11U» Eg. (2-22) shows t h a t the 
following c o n t i n u a t i o n s are r e q u i r e d : 
s i S - s t e 
- i n 
S 3 = - s 3 e 
i n 
K* = e 
cir 
tu (2-23 ) 
We w r i t e the expression f o r the seven point function shown i n 
5 F i g . (11a) as" 
-4,-1 v " ^ ' 1 
(2-24) 
and perform the r e l e v a n t expansions ob t a i n i n g 
21 
f j i l | -<X,-1 - " V I -<*u-\ 
8^1,^4 j dx1(<xl.4x1dxM. x, x t x 3 x^ 
j - X , S , ( . i - X O - X . X ^ S ^ K . O - X j ) - X . X ^ X j S . S ^ a K, KL<f, 
+ X l X l . X 1 X ( f s l s» . s 5 s 4 . 
To e x h i b i t the oi t r a j e c t o r y exchange i n the two e x t e r n a l channels 
we change the v a r i a b l e s of i n t e g r a t i o n 
and l e t S (>St|—*» » obtaining s 
< m p ^ , ^ x l + x lSv<ai » x i w x t x 3s l.s 3^K J . ^ J 
Next we r e p l a c e a l l (1-^0 by the exponentials P ^ S(.X •¥ } £ 
.00 as s h o r t l y we a r e going to l e t - S J . , - S - J — w i t h - X L S L 
and Q- S() Xi h e l d constant. Now we w r i t e the l a s t term i n 
the exponential as 
22 
perform ^ and ^ i n t e g r a t i o n s and obtain 
*- , 0 B (2-25) 
where 
A= l - X t + x^K^i - x O + x * ^ X i s * K, K v 4 \ 
^ » I _ X 3 4 - X 3 S 3 K a 0 - X O + X«.SiX 3S 3K..KA 
As before, we r e w r i t e the h e l i c i t y i n t e g r a l i n (2-25) i n terms 
of two jfj" functions, change the v a r i a b l e s of i n t e g r a t i o n 
X \ = " i, ' X ? •=. T, 
and l e t - S > j . , - S 3 — > • oo obt a i n i n g 
(2-26) 
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where (*i = — £ — • 
A simple change of v a r i a b l e s allows us to r e w r i t e the l a s t 
term i n (2-26) as 
- 1 
thus showing t h a t 
•B 7~j 2 n i ^ e e s, s i s, s H r ' Kv K3 
+ p i * - » P i ' | - (2-27) 
Comparing with the conventional two Reggeon-one p a r t i c l e vertex"^ 
we see th a t the two 0-one p a r t i c l e v e r t e x has e s s e n t i a l l y the 
same form. 
Next we consider F i g . (10b) . To f i n d i t s 2/3 c o n t r i b u t i o n we 
s t a r t w i t h the amplitude corresponding to F i g . ( l i b ) , perform 
the required a n a l y t i c a l c o n t i n u a t i o n s and take the asymptotic 
l i m i t corresponding to F i g . ( 1 0 b ) . 
12 The Veneziano model amplitude f o r F i g . ( l i b ) i s given by 
2 4 
-«M-\ ' V 6 7 - ' 
( i - X . x * ) ( w * . . * , ) ( » - x 3 x 4 ^ 
( t - x . X i X i ) 
( 2 - 2 8 ) 
I n t h e m u l t i - R e g g e l i m i t 
S 5 7 ^ - S l + S 3 q f c - S ^ S ^ K ^ K ^ 
5 f 6 7 - - S 3 # ( 2 - 2 9 ) 
a n d a s t h e a m p l i t u d e i s o r i g i n a l l y d e f i n e d o n l y w h e n a l l t h e s e 








= e • ( 2 - 3 0 ) 
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We c h a n g e t h e v a r i a b l e o f i n t e g r a t i o n U ^ . = l - y ^ a n d p r o c e e d 
a s b e f o r e o b t a i n i n g : ^ %*io° 
«'T = s ? i ? \ h J h X * - " ' x " " 3 ' ' _ _ L - \ ^ r < - v > n x - » J 
w h e r e 
N X 3 S 3 H - X Q ^ _ X ^ S x S a K ^ K a ^ 
N e x t w e p e r f o r m t h e X i n t e g r a t i o n , r e w r i t e t h e o b t a i n e d ^ 
f u n c t i o n i n t e r m s o f ^ f u n c t i o n s a n d t h e n l e t t i n g S v S 3 ^ i — > 0 0 - ' 
r e p l a c e e a c h o f t h e m b y i i s a s y m p t o t i c f o r m . F i n a l l y w e c o n t i n u e 
(J» f <J> , K| a n d K3 t o t h e i r c o r r e c t v a l u e s a s s h o w n i n ( 2 - 3 0 ) 
• LIT 
a n d a t t h e s a m e t i m e c o n t i n u e S a t* S 3 » - S 3 £ • 
w e o b t a i n 
i 
« 
( 2 - 3 2 ) 
2 6 
w h e r e w e h a v e k e p t o n l y t h e l o w e s t n o n - v a n i s h i n g p o w e r s o f X ,^ 
i n t h e c o e f f i c i e n t s o f S i > 9 > 3 a n d S i S j K i i n t h e e x p o n e n t i a l . 
A s S , . , S 3 . K L a r e n e g a t i v e a t t h i s s t a g e , w e p e r f o r m t h e Xj. 
a n d X j i n t e g r a t i o n s a n d t h e n p e r f o r m t h e r e m a i n i n g c o n t i n u a t i o n s : 
- iff 
. . L I T 
-171 
S 3 = - S a 6 
o b t a i n i n g 
' / \/ -7 \ • -P*-?*-1 P l J* 
1 , (J 
3 ) U*kJ*) ' r c - ' - w n ^ - M 
( 2 - 3 3 ) 
T h i s r e s u l t a g r e e s ( a p a r t f r o m t h e f a c t o r ) w i t h t h e e x p r e s s i o n 
( 2 - 2 7 ) c o r r e s p o n d i n g t o t h e d i a g r a m ( 1 0 a ) . 
B y s y m m e t r y t h e c o n t r i b u t i o n o f t h e d i a g r a m e x h i b i t e d i n 
F i g . ( 1 0 c ) i s a g a i n t h e s a m e . 
N e x t w e c a l c u l a t e t h e c o n t r i b u t i o n o f t h e d i a g r a m i n F i g . 
( l O d ) . T h e d i s c u s s i o n a l o n g t h e l i n e s a s b e f o r e , t h i s t i m e w i t h 
t h e c h a n g e o f v a r i a b l e s U i | = | _ Y i | a n d U ( I — * x g i v e s 
X i S a T ^ - X a \ o ^ ^ + ^ X 3 S l S a ^ + 1 J 
( 2 - 3 4 ) 
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w h e r e 
1 
( l - X x ) ( l - X i X 3 ) J ' \ - X v X 3 
C = -
T h e o b t a i n e d e x p r e s s i o n h a s t o b e c o n t i n u e d t o 
i j -L IT 
K l = - K , e 
- LIT . 1 « i 
- t i r m i 
We c h o o s e t o p e r f o r m t h i s c o n t i n u a t i o n i n t w o s t e p s : f i r s t w e 
c o n t i n u e K | « K3 j 4| • 4 t a n t * \ t o their c o r r e c t v a l u e s a n d a l s o S L > S 3 
• f i n i-TT 
t o n e g a t i v e v a l u e s S j . = - S j . e , S 3 = - S 3 € . • N o t t o l e t t h e p h a s e 
o f t h e a r g u m e n t o f t h e ^ f u n c t i o n , r e s u l t a n t f r o m t h e "X 
i n t e g r a t i o n g o o u t s i d e t h e r a n g e i S T y i ^ w e s i m u l t a n e o u s l y 
c o n t i n u e K j . jj> Hj.- K t e T h u s t h e s e c o n d s t e p o f c o n t i n u a t i o n s 
w i l l i n v o l v e S i = - S j . i " " S 3 = - S 3 e t 7 \ -Kxt* * - n a g r e e m e n t w i t h t h e 
c o n t i n u a t i o n r e q u i r e d f o r a l l o t h e r c o n t r i b u t i o n s . P r o c e e d i n g a s 
b e f o r e w e o b t a i n 
2 8 
1 2. I - t - I I I . 
T " ~ r ~ 2. J X ^ S ^ S j K , . 
( 2 - 3 5 ) 
T h i s r e s u l t a g r e e s w i t h t h e c o n t r i b u t i o n s o f t h e o t h e r t h r e e 
d i a g r a m s e x c e p t t h a t n o w i s e v a l u a t e d o n t h e o t h e r s i d e o f 
i t s c u t . T h u s w h e n t h e f i n a l c o n t i n u a t i o n i s p e r f o r m e d t h e 
c o n t r i b u t i o n o f t h i s d i a g r a m i s d i f f e r e n t a s n o w t h e d e p e n d e n c e 
i s e v a l u a t e d o n t h e o t h e r s i d e o f i t s c u t ( i . e . i n t h e f i n a l 
e x p r e s s i o n e f f e c t i v e l y K i — * - K t € . a n d n o t K t — * - K » . e a s i n t h e 
e x p r e s s i o n f o r t h e o t h e r d i a g r a m s ) . 
N o t i c e t h a t a l l f o u r d i a g r a m s o f F i g . ( 1 0 ) g a v e t h e s a m e 
S2 , a n d d e p e n d e n c e , a p a r t f r o m t h e a b o v e - m e n t i o n e d d i f f e r e n c e 
i n t h e c o n t i n u a t i o n i n K . T h i s h a s c o m e a b o u t a s a r e s u l t o f t h e 
d i f f e r e n t e x p o n e n t i a l f a c t o r s f r o m t h e ^ f u n c t i o n s . T h e y w e r e 
j u s t o f s u c h a f o r m a s t o c a n c e l t h e l i n e a r t e r m s i n Y u a n d X j 
i n t h e c o e f f i c i e n t s o f S^, a n d 3^2 ^ n t * l e e x P o n e n t ^ - a ^ - s 
i n ( 2 - 3 1 ) a n d ( 2 - 3 4 ) a n d a l s o t o c h a n g e t h e s i g n o f X t a n d X j 
t e r m s s o t h a t t h e y a r e a l l t h e s a m e a n d p p s i t i v e . T h i s b e h a v i o u r 
g e n e r a l i z e s t o h i g h e r p o i n t f u n c t i o n s ; t h e /3 c o n t r i b u t i o n a l w a y s 
c o m e s i n t h e s a m e w a y . I n t h e n e x t c h a p t e r w e s h a l l s h o w t h a t 
t h i s i s t h e c a s e f o r t h e t r i p l e - / 3 e x c h a n g e c o n t r i b u t i o n t o t h e 
e i g h t p o i n t f u n c t i o n . T h e r e w e s h a l l a l s o d e r i v e t h e c o n t r i b u t i o n 
o f a t w o / 3 - o n e ^ e x c h a n g e . B e f o r e t h e s e h o w e v e r , w e e x h i b i t t h e 
c o n t r i b u t i o n o f o n e /3 t r a j e c t o r y t o t h e s e v e n p o i n t f u n c t i o n . 
2 9 
2 - 3 . T h e s e v e n p o i n t f u n c t i o n a n d o n e j3 t r a j e c t o r y 
I n t h i s s e c t i o n w e d i s c u s s t h e c o n t r i b u t i o n o f o n e j3 e x c h a n g e 
( i n t h e s e c o n d c h a n n e l ) t o t h e s e v e n p o i n t a m p l i t u d e . We s t a r t 
w i t h t h e s i m p l e s t d i a g r a m w h i c h i s s h o w n i n F i g . ( 1 2 a ) . T h e 
c o r r e s p o n d i n g e x p r e s s i o n i s ^ : 
( ] , , - o / , . - i - < * a - l - * u - 1 / , / n ^ " 1 
B 7 ^ - c , r 3 j a x . a x ^ X j <lx*q. x , x x x 3 y „ 0 - x o 
e 
4 L / p [ - X , S , ( | - X * 0 - X > X l S , S i K » - X 3 S , 3 ( | - X O - X , . X 3 & t S j *z. 
_ y 3 s 3 x ^ K 3 l i - x O * v l f s < * - X , _ X 3 x , f & x . s 3 s l f K , . * ^ 
I n t h e m u l t i - R e g g e l i m i t c o r r e s p o n d i n g t o F i g . ( 1 2 a ) 
S , 3 * v / - s , < « > Sq, 7 - S 3 S ^ < j 
c 
I t r e q u i r e s t h e c o n t i n u a t i o n 
- i n i n 
s „ 
- l T T - - e * - e 
t i r 
- - K , e. _ i 
7 •* I • 
3 0 
C h a n g i n g t h e v a r i a b l e s o f i n t e g r a t i o n 
a n d l e t t i n g S , , S 3 , ( - S j 0 0 w e g e t 
ft a 
( 2 - 3 6 ) 
N e x t w e i n t r o d u c e a h e l i c i t y - l i k e i n t e g r a t i o n 
P e r f o r m t h e ^J, a n d ^ 3 i n t e g r a t i o n s a n d o b t a i n 
e • 
( 2 - 3 7 ) 
3 1 
w h e r e 
N e x t w e p e r f o r m t h e X i n t e g r a t i o n , e x p r e s s t h e r e s u l t i n t e r m s 
o f t w o jF 4 f u n c t i o n s , c h a n g e t h e v a r i a b l e o f i n t e g r a t i o n X \ ( - S i / l » JJj. 
a n d l e t t i n g - S t — * oo , o b t a i n oo 
• » 
( 2 - 3 8 ) 
A f t e r p e r f o r m i n g t h e *Jj_ i n t e g r a t i o n w e o b t a i n ( a s $ , . = 1 = 1 i n t h i s 
c a s e ) 
v. • 
( l - 3 » 0 ^ • ( 2 - 3 9 ) 
F o l l o w i n g W e i s ' ' " 5 w e i n t r o d u c e 
I , * J *h 3H e- O - M 3 ) , 
1 - J <*JH 3 H e U * k 2 - I ) , 
3 2 
w h i c h a l l o w u s t o r e w r i t e ( 2 - 3 9 ) a s 
k °<i ^4. . - P i . - * -
B 7 ^ ( r n i L ) e e s, s i s 3 ( ^ 3 ) * 
( 2 - 4 0 ) 
A s 1 , + e I t _ f C - ^ j } V ( ° < 3 ) ° V ' < i , | 7 w e s e e t l i a t t h e a p p e a r n c e o f a 3 
t r a j e c t o r y i n t h e m u l t i - R e g g e c h a i n i s c o n s i s t e n t w i t h t h e 
e x p e c t a t i o n b a s e d o n R e g g e f a c t o r i z a t i o n . W h e n c o m p a r e d w i t h t h e 
c h a i n o f o< t r a j e c t o r y e x c h a n g e s , t h e . a p p e a r a n c e o f a 0 t r a j e c t o r y 
a f f e c t s o n l y t h e t w o n e a r e s t v e r t i c e s a n d p r o p a g a t o r i n a w a y 
t h a t i s a l r e a d y e v i d e n t f r o m t h e s i x p o i n t f u n c t i o n ; t h e v e r t i c e s 
a n d p r o p a g a t o r s f u r t h e r a w a y i n t h e c h a i n r e m a i n u n c h a n g e d . 
T h e c o m p l e t e c o n t r i b u t i o n o f o n e /3 e x a h a n g e t o t h e s e v e n 
p o i n t f u n c t i o n c o m e s f r o m a d d i t i o n o f d i a g r a m s ( 1 2 , a , b , c , d ) . 
T o f i n d t h e c o n t r i b u t i o n o f ( 1 2 b ) w e s t a r t w i t h t h e a m p l i t u d e 
c o r r e s p o n d i n g t o t h e d i a g r a m ( 1 3 b ) . P e r f o r m t h e r e q u i r e d a n a l y t i c a l 
c o n t i n u a t i o n a n d t a k e t h e a s y m p t o t i c l i m i t c o r r e s p o n d i n g t o 
F i g . ( 1 2 b ) . I n t h e m u l t i - R e g g e l i m i t s h o w n i n F i g . ( 1 2 b ) 
S 3 S ~ S i S 3 K x < < > ( 2 - 4 1 ) 
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a n d i t r e q u i r e s t h e f o l l o w i n g c o n t i n u a t i o n s ; 
1 = 1 
-1 n 
K, * - K-, e 
- in 
iff 
K 3 - - e 
, tni 
T h e c o r r e s p o n d i n g e x p r e s s i o n i s 
I 
* 7 - r . r ^ j d x . d x ^ x ^ H x , X * x * 
S t 
- *3 V ' x 0 - v x l x 3 s J . s } K l + x ^ s t f - x 3 s i X i f i 4 K i ( i - x O 
+ * 2 . x 3 x * S L S 3 s „. K l - x . x ^ x , , & | S r f a S . » K i K i K j < f > , 4 > . ^ 6 
( 2 - 4 2 ) 
C h a n g i n g t h e v a r i a b l e s o f i n t e g r a t i o n 
• i <? * a - V * 4 » — - — > 
4>j - a i | 
l e t t i n g S\ t S ^ . l - S i / j - ^ . CM a n d f o l l o w i n g t h e s a m e s t e p s a s w e d i d 
f o r F i g . ( 1 2 a ) w e f i n d a r e s u l t w h i c h a g r e e s w i t h e q . ( 2 - 4 0 ) a p a r t 
f r o m a f a c t o r o f "C-l* 
T h e c o n t r i b u t i o n s o f d i a g r a m s ( 1 2 c ) a n d ( 1 2 d ) c a n b e 
e v a l u a t e d i n t h e s a m e w a y , w i t h t h e s a m e f i n a l r e s u l t ( i . e . w e 
- i n ^ U . 
o b t a i n ( 2 . 4 0 ) w i t h a f a c t o r " C ^ b u t w i t h o u t £ ) . 
T h e a d d i t i o n o f t h e s e f o u r d i a g r a m s g i v e s t h e f u l l c o n t r i b u t i o n 
o f o n e 0 e x c h a n g e ( i n t h e s e c o n d c h a n n e l ) t o t h e s e v e n p o i n t f u n c t i o n 
C h a p t e r T h r e e 
T h e e i g h t p o i n t f u n c t i o n a n d n e w t r a j e c t o r i e s 
3 - 1 . T h e e i g h t p o i n t f u n c t i o n a n d t h r e e j3 t r a j e c t o r i e s 
T h e r e a r e s e v e r a l c o n t r i b u t i o n s t o t h e c o m p l e t e t h r e e /3 
e x c h a n g e i n t h e m u l t i - R e g g e l i m i t o f t h e e i g h t p o i n t f u n c t i o n . 
T h e s e c o n t r i b u t i o n s a r e i n d i c a t e d i n F i g . ( 1 4 ) . We s t a r t w i t h 
t h e c o n t r i b u t i o n o f F i g . ( 1 4 a ) , a n d i n t r o d u c e t h e m u l t i - R e g g e 
v a r i a b l e s S £ , t i ; i ' - - l , - 5 , Kj 4 a n d v a r i a b l e s 
c o r r e s p o n d i n g t o 4*i > a n d 7 ° ^ t * i e s e v e n p o i n t f u n c t i o n , 
n 
r e s t , , ^ t  o f t h e 
a m e l y <f> ^ . Cf> , \ . * { t , X ( s e e F i g . 1 5 a ) 
( 3 - 1 ) 
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A s t h e a m p l i t u d e i s o r i g i n a l l y d e f i n e d w h e n a l l t h e a b o v e 
e n e r g i e s a r e n e g a t i v e i t r e q u i r e s t h e c o n t i n u a t i o n 
- LIT 
i f f 
c - e 
5 
T h e e x p r e s s i o n f o r t h e a b o v e e i g h t p o i n t f u n c t i o n i s 
T> f ' , . . . -<V,-« - ^ - i _ < * 3 - i - * q - ' - * 5 - ' 
% c T , r s J UM^ <*x«* <*xs x , x , . x 3 Xi , x « 
L 0 - > 
- X, X t S ,S x K , CI - X j ) _ X , Xx X J S ^ S J K * f , _ x , X t X 3 X ^ S. , S ,.S 3 S n Kt K *K3<fc ft I 
- X S S s O - X v ) - X 4 X 5 S ^ S 5 K ^ 0 - X 3 ) - X j Y i t X s S a S ^ S s K3K<* $ 3 
- X « - X 3 X ^ X s S L S 3 S ^ S S K 4 K 3 Kef ^ ^ l ^ ^ ^ X j X ^ X s S . S ^ V s K . I ^ & I ^ M f , 
w h e r e w e h a v e a l r e a d y e x p a n d e d s o m e f a c t o r s . N e x t w e t e m p o r a r i l y 
"keep S 2 # S 3 a n d S 4 f i x e d w h i l e l e t t i n g S , , S S —>- o© . T h e 
a s y m p t o t i c b e h a v i o u r c o r r e s p o n d i n g t o t h e ^ t r a j e c t o r y e x c h a n g e 
i n t h e s e c h a n n e l s i s e x h i b i t e d b y t h e c h a n g e o f v a r i a b l e s 
Y a ' X c -
3 6 
w e o b t a i n 
f 2- 2. 
I J. 2-
+ * 1 S 4 + X v X 3 S 1 S 3 K l . + X u X 3 S ^ S 3 K i x « . X 3 S L S j K i . K i f + X , Y „ S 3 S i , K , 
z 
" J , CI - X * + X , . S T K, _ X ^ S r X j K , + X t X j S * S 3 K, Ki<|> + X I X 3 X H S * S J S I » K , K ^ t ^ 
J 
^ . k X ^ X ^ ^ i S ^ K . ^ ^ ^ + . ^ ^ t , ? ^ ^ > ( 3 - 3 ) 
w h e r e w e h a v e u s e d ( j - X } ~ X s + a s w e s h a l l s h o r t l y l e t 
. I , \, 
- S t , _ S 3 . - S , , - * . o> w h i l e k e e p i n g X t ( - S i O , X I ^ - ^ M ) 1 a n d 
^ i C - ^ } * f i x e d . We r e p l a c e t h e l a s t t e r m i n t h e s e c o n d 
e x p o n e n t i a l i n ( 3 - 3 ) b y a h e l i c i t y - l i k e i n t e g r a l , p e r f o r m t h e 
Jj, a n d ^ i n t e g r a t i o n s , l e t - S ^ . - S j , _ —> 00 a n d t a k e t h e 
l i m i t o f t h e r e s u l t a n t P( f u n c t i o n s , o b t a i n i n g : 
0 * x ^ , x a s , X^-Sv- V 
V 1 . : ^ ^ c *- - t i L L 
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N e x t w e c h a n g e t h e v a r i a b l e s Y>i - •,—e v | / i = 2 , 3 , 4 , l e t 
( 3 - 4 ) 
- S t - - » a o d r o p t h e r e m a i n i n g u n i m p o r t a n t f a c t o r s a n d o b t a i n 
^ r ^ - t f ^ r H 6 ' * - * ' ) + « . « - » " s r .2 eK > K i r * 
+ V Z ( i K ^ l i t f O C * K i ) < f ^ , ( 3 " 5 ) 
w h e r e w e h a v e a l s o p e r f o r m e d a f u r t h e r c h a n g e o f v a r i a b l e s i n t h e 
l a s t i n t e g r a l t o e x h i b i t i t s s i m i l a r i t y w i t h a c o r r e s p o n d i n g 
i n t e g r a l w h i c h a r i s e s i n t h e s t u d y o f a t r i p l e oi e x c h a n g e 
1 6 
c o n t r i b u t i o n t o t h e m u l t i - R e g g e l i m i t o f t h e s i x p o i n t f u n c t i o n 
- z-rri 
We p e r f o r m t h e n e c e s s a r y c o n t i n u a t i o n l e t t i n g "X = £ , 
c o m p a r i n g w i t h t h e c o r r e s p o n d i n g r e s u l t f o r t h e t r i p l e o< 
e x c h a n g e w e o b s e r v e t h a t t h e o n l y d i f f e r e n c e i s t h e a d d i t i o n a l 
e x p o n e n t i a l d e p e n d e n c e o n t h e T o l l e r a n g l e s a n d t h e r e p l a c e m e n t 
— * l K i y o t - * p + l > i - n t h e f i n a l e x p r e s s i o n . T h e ^ d e p e n d e n c e i s a g a i n 
g i v e n b y t h e ^ f u n c t i o n . 
N e x t w e d i s c u s s t h e c o n t r i b u t i o n o f t h e d i a g r a m ( 1 4 b ) . We 
1 2 
s t a r t w i t h t h e e x p r e s s i o n f o r t h e d i a g r a m , i n F i g . ( 1 5 b ) 
3 8 
/ » - ^ 5 - 1 - « 3 - l -**H-' - « ^ - | 
- c ^ S ^ - ' -<*(S l f ) - | - ^ ( ^ V 
( j - x , ) 0 - * ^ ( « - * ^ 
O-x.xO ( i -x .xO 
0 - x » * » ) 0-x<*x 5 ) 
( j - * 3 * i f * s ) 
- * < s 5 7 f ) +-<*«„. ¥r) + *u*wrO 
( l - X,X2.XiX^) 
- * C S ) J 7 ^ <*< i „ ^ ) 4 . ^ ^ ) + * (S w 6 g ) 
0- X tX jX^Xs ) 
( 3 - 6 ) 
i n t r o d u c e b y X ^ = l - U ^ a n d p r o c e e d a s i n t h e p r e v i o u s c a s e 
r e m e m b e r i n g t h a t i n t h e m u l t i - R e g g e l i m i t 
5
2 ( f ^ - S . S i ^ - * - + a o 
S'i-MS" ~ - S j . S 3 K i — * 




w e o b t a i n 
' * C ( , . I , ( U 
r ^ p ( x - ^ ) r ^ - ^ s ) 1 ^ - ) * - t 5 **?S ^ 
1 l e x / L l - X v X 3 
— j l t S i — —r + — 4 - ^ 1 ^ 5 - T Ts_ 
+ X(|Sif -V Xif Sy. j - - X i X i S,.Sj K x 
\ -x 3 x^ 2O-X3X1O i - x ^ x * 
1 
1 2 0-X<*) ^ w c c . i / *~ X * 
iCl -X^XjXcf ) l - X x X ^ X H 
2 ( l - X i * 3 X « f ) 
y ' x s S r S 3 S u ^ K , » t / ( 3 " 7 ) 
w h e r e 
A - u x , s v K , . Ki K a f t 
0 - X O O - X v X 4 ) U-X.XjXl -X.XaXO 
' l-X,.XiX«4 
B ^ | - X q + Xif S if ( , _ X 3 ) +X3Xt* S J S ^ J ^ ^ ( , _ X V } 
- X r X l X t i S,. S 3 tf4 tf3 ^ ^ 
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We proceed as before and perform the \ i n t e g r a t i o n , r e w r i t e the 
obtained "V f u n c t i o n i n terms of f u n c t i o n s and then, l e t t i n g 
Stf. Ki K3& 0 6 ' w e r e p l a c e each of them by i t s asymptotic 
AB 
form. The f a c t o r e x p ( — ) i n the asymptotic form of each ^ f u n c t i o n 
leads to the c a n c e l l a t i o n of some terms i n the exponential i n 
(3-7) i n such a way t h a t when %, ^, . *[ t , Ki > Ify a r e continued t o 
-in 
t h e i r c o r r e c t values, and S t to S ^ c - S ^ we obtain 
a 
- « X 3 - I - ^ - 1 0 S * * S i * * S s * i s 4 xNsSiVjKv * i X 3 Xq —+ — + 1 +- 1 
a + i J xlx3ylfsl.SjStfKl.K3 
(3-8) 
where again we have kept only the lowest non-vanishing powers 
of i n the c o e f f i c i e n t of d i f f e r e n t terms i n the exponential. 
Notice t h a t although the c o e f f i c i e n t s of some terms i n (3-7) were 
negative the c a n c e l l a t i o n with the terms from functions 
e f f e c t i v e l y changed the s i g n of a l l of them to being p o s i t i v e . 
The obtained r e s u l t i s the same, apart from the f a c t o r , as 
the e xpression (3-5) corresponding t o F i g . ( 1 4 a ) . 
A s i m i l a r d i s c u s s i o n can be given f o r other diagrams of 
F i g . ( 1 4 ) . For the diagram of F i g . ( 1 4 c ) we s t a r t w ith the 
Veneziano amplitude f o r the diagram i n F i g . ( 1 5 c ) and then change 
the v a r i a b l e s X^- l-UqAAs , * 5 - t - ^ 5 > T l l e c a l c u l a t i o n along 
the l i n e s as before, again g i v e s the same r e s u l t ; i . e . we 
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obtain (3-8) t h i s time with Z,,z.3T. 5 f a c t o r s . S i m i l a r l y f o r a l l 
the other diagrams; f o r the diagram of Fig.(14e) corresponding 
to F i g . (15e) we change the v a r i a b l e s = u, } X/4= I- U 4 U5 j Xjj=' _ t l5" 
f o r t h a t of F i g . ( 1 4 f ) corresponding to F i g . ( 1 5 f ) we take 
^ i = - l - U l , Xysl-Uy and f o r the one of F i g . (14h) (15h) we take 
X,= l - U , , X i f a l - U t f ^ Xs = I — Wt^ .t(5- S t r a i g h t f o r w a r d although 
tedious c a l c u l a t i o n s show t h a t the r e s u l t i s again e s s e n t i a l l y 
of the same form. 
C l o s e r examination of a l l a n a l y t i c a l c o n t i n a t i o n s r e q u i r e d 
shows t h a t although a l l eig h t diagrams lead to a s i m i l a r 
e x pression the v a r i a b l e s Ki.> K*3 and which appear i n (3-8) 
have to be continued to d i f f e r e n t v a l u e s. Thus 
^ - I f o r diagrams llf-o>b,c,J'£ & 
< J U e f o r l * * - ? and ^ •» € f o r 1 if - V\ 
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K^.Kte. f o r m-a , J>, c , c l , f W ft, cl*J 
- i l l 
KL=-Kie f o r e w m.-{ 
and s i m i l a r l y f o r K^. To obtain the complete c o n t r i b u t i o n we 
have to add a l l those eight terms continued to t h e i r c o r r e c t 
v a l u e s . Then we can compare the obtained r e s u l t w ith the e x p r e s s i o n 
f o r the complete two /3 - Reggeon p a r t i c l e v e r t e x i n order to 
i n v e s t i g a t e the Regge f a c t o r i z a t i o n . We choose to follow the 
method employed by Weis i n h i s study of the oL t r a j e c t o r y 
f a c t o r i z a t i o n . 
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We d e f i n e 
K 
+ (Kti't) 
- P i - 1 _Z r 
where I 4 a n d J a r e given by 
Sir 
I i * J ^ Z* e ( " i f " ' ) 
and a r e r e a l for K 0 . 
With these d e f i n i t i o n s we see t h a t the f u l l c o n t r i b u t i o n of 
the seven point f u n c t i o n i s given by 
(3-9) 
A s i m i l a r d i s c u s s i o n of the complete 30 c o n t r i b u t i o n to the 
eight point function g i v e s 
of, % L »/c *c h /*<• -t'l/Ji-1"*/1!'1'"/5* 
B s = 2 n t . s , ' k, € K' r 5 ^ s s 5 e K , < s i s i s i e 
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j[l,<i)-e^ 1 I^o] -^1,(1)-e1^1 Ci + z3 +z 
r -infix. n r -LTI/3j -| 
+ v 3 [ i . c i) - e i t coj.[ - e i.toj 
* 1,(01, to - e i,o)Izc2.> -e i^ol.ii.) + 
where I L l O = I ; ( ) <x*J X; U> = I , ; ( (i,, / U , K 3) • 
The expression i n the c u r l y b r a c k e t s can be r e w r i t t e n as 
•niau-n^i Z-*.z:zl i + i n ) I ^ o l a * - ' ) 
- 2 - l ^ T r / 3 3 e TljC^^i+ZOIztOl iCO - (3-11) 
Comparison with the expression i n the c u r l y bracket i n (3-9) 
shows t h a t the expression i n (3-11) does not f a c t o r i s e i n t o a 
product of such terms. T h i s l a c k of f a c t o r i z a t i o n stems from 
the appearance of a d d i t i o n a l terms p r o p o r t i o n a l t o 
/1Hl|3».Ceoir|JJXlti)I2(a.) i n (3-11) and the mismatch of some c o e f f i c i e n t s . 
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Looking a t (3-10) we see t h a t when 3^ i s continued to -2 
the c o n t r i b u t i o n of 30 exchange develops a pole whose r e s i d u e 
i s p r o p o r t i o n a l to • To see t h i s we n o t i c e t h a t when 
I f l * I i U > « — c * 3 UKz) 
P3 + 1 
w h i l e 
Thus - l i d ) Constant and the whole c o n t r i b u t i o n 
of the pole a t /3^ = -2 i s contained i n l a s t two terms p r o p o r t i o n a l 
to l t t 4 and ^ t j X 4 i n (3-10). As /ai^n (U (li)p(-l-p» ^  » TV 
we see t h a t the r e s i d u e of t h i s pole i s p r o p o r t i o n a l to I - • 
I t a l s o has the expected symmetrical form and i s not s i n g u l a r 
at the poles of the t r a j e c t o r i e s 3„ and fl . As we mentioned before 
2 4 
the s t r u c t u r e of the 3/3 exchange c o n t r i b u t i o n to the eight point 
function i s very s i m i l a r to the c o n t r i b u t i o n of the exchange 
to the s i x point function; i n the next s e c t i o n we s h a l l see t h a t 
the poles of the 3/3 c o n t r i b u t i o n a r e c a n c e l l e d by the corresponding 
poles of the (i exchange. 
i • \ 
3-2. The e i g h t point function and the t r a j e c t o r y 
To e x h i b i t the complete c o n t r i b u t i o n of t h i s exchange and 
to e s t a b l i s h the behaviour of the ^ t r a j e c t o r y under t w i s t i n g 
we have to r e t u r n to the unintegrated form of the 3 3 c o n t r i b u t i o n 
given i n eq. (3-8) and observe t h a t as i n the 30* case the 
appearance of the f u r t h e r t r a j e c t o r y stems from the n e c e s s i t y 
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of c o n t i n u a t i o n of y t to £ which through the a d d i t i o n a l 
h e l i c i t y i n t e g r a t i o n and l i m i t s of functions leads to an 
a d d i t i o n a l f a c t o r -*-xP\- *£.*3J- which i n turn allows f o r the 
3 
s c a l i n g * 3 ^ 3 •& constant. As 4>v | only f o r the diagrams of 
F i g s . ( 1 4 f and 14h) we have a complete p a r a l l e l w ith the s i x 
point case. 
To f i n d the c o n t r i b u t i o n of F i g . ( 1 4 f ) we s t a r t with the 
expression corresponding to the diagram ( 1 5 f ) ^ : 
\ ="c.Tvru-C5 V d x ^ X ^ ^ r f X i f ^ X s X. X r X j X* *s 
-<xam)-) -*ta*s)-\ -*m f f 7)-' - v s - i 
0-x«>O O - x , ^ 
(l^X,X«.X3^ 
(i-.x 2.x iX l f) 
-*W*#57f) - ^ W 7 ) t f l " S i W ? ) + 6 { ' S ^ ) 
( » - X r X 3 X « f X 5 ) 
-°<(&iiV?7g)-e<(Szt?7) + e ^ S i M 5 7 ) + ° a 5 » - W * ) 
C l - X , X r X j X ^ X s ) 
(3-12) 
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I n the multi-Regge l i m i t 
S, 3 ~- S, <o 
S^s- />/ + S3 <o 
S 8 7 5 ~ - S 4 < ° 
s 
The change of v a r i a b l e s of i n t e g r a t i o n 
g i v e s us 
_X I _o/,-» - ^ - 1 _ i > / 3 - l - < V M-I - ^ S ' 1 
^ ^ i ^ w t s \ ^ M x ^ X j ^ d U s " X i X 3 X q U S 
47 
L ^ - X r ) U - X l X J ) J L" l-*i.X»X«f 
I - X»Xif ( i - X u ) 
- S g S g ff(j 
I -
1 - U.X,.X30-V«*) 
( l - X 2 X 3 ) ( l - X r X ^ Y ^ ) 
I -
I - X i X ^ Y«f u s 
(3-13) 
Next we te m p o r a r i l y keep S 2 ' S 3 ' S 4 f i x e d and l e t S{ , £ 5 - * 0 0 
Then we change the v a r i a b l e s of i n t e g r a t i o n 
U 5 ^ 3: 
and obtain 
3, x, x , x 4 3 s 
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I - V, tf, Y.i J 
L M_ Y..\f l _ Y , Y u ^ 1 * 
(3-14) 
Next we r e p l a c e the l a s t term i n the f i r s t exponential i n (3-14) 




> U X 3 x,» S v S ^ S q K i K 3 Ktf 4>,A »U + 
c •= • —-—-—x .. . • 
We perform the X i n t e g r a t i o n and take the l i m i t of the r e s u l t a n t 
(F, functions o b t a i n i n g 
I - o ^ - l ~ ^ - \ 
1 t — 5 — + — 
-v + 
•> 2. 
i l l - -, CS/, CS/jj. 
y». x 3 x* s>, 
£ K< Kt jfj ^ ¥ 
(3-15) 
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A f u r t h e r change of v a r i a b l e s 
y - ^ x - ^ - , * ^ X x =- ) A li. = 7 -> A , _ —H 
and the i n t r o d u c t i o n of a f u r t h e r h e l i c i t y - l i k e i n t e g r a l r e p l a c i n g 
the l a s t term i n the exponential i n (3-15) l e a d i n a s i m i l a r way to 
% " C , r ^ c s 2 3 r ( - * * - ^ <-&o (-^ ^S^) SJ 
C ! I 3 3 T V i ^ l Pf 
*«> <v, ^ 5 , ^ 7 
(3-16) 
Where we have used 
I 




~t _ i -infix, _in(J«/ 
t ^ ^ ' ^ ^ t ^ s " 3 r(-*a-») e e. e 
X . f3 H <*< 0*. fl* S, S* S j S 4 S S K, KX K* 
(3-18) 
The c o n t r i b u t i o n of diagram (14h) can be c a l c u l a t e d i n the 
same way as the c o n t r i b u t i o n of diagram ( 1 4 f ) . 
We s t a r t w i t h the expression corresponding to F i g . ( 1 5 h ) , 
change the v a r i a b l e s of i n t e g r a t i o n X , - s l - U , , X«* = I - U 14 , X 5 1+M5 , 
and then U ( » J j i / S i > W5 e J j s / S s • r e p l a c e the term i n the 
exponential which contains , , ^ 5 and a l l X c ( t » l j 3 . i j ) by a 
h e l i c i t y - l i k e i n t e g r a l ( X ) , perform the J J i ' J j s and then > 
i n t e g r a t i o n and take the l i m i t of the r e s u l t a n t ,F; f u n c t i o n s . 
We obtain an expression s i m i l a r to eq.(3-15) with the fo l l o w i n g 
d i f f e r e n c e s : 
^ p J V i i L / and «^(P\ ^ -i i n (3-15) a r e 
replaced by: > J * ^ s„ ^ ^ j 
r e s p e c t i v e l y . Then proceeding e x a c t l y as before we obtain the 
a d d i t i o n a l f a c t o r ^ P ^ " " ^ — * ^ — V from the asymptotic 
*• (J—X3) J . 
form of the ,f- functions, ending up with the i n t e g r a l 
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wi t h 
P u t t i n g a l l f a c t o r s together we see t h a t the complete c o n t r i b u t i o n 
of a exchange to the eigh t point function i s given by 
Y -Y t - ^ 3 - * LIT (if 
- 4, P i ( i H <*i (U (?q 
(3-19) 
on 
Eq.(3-19) shows t h a t / t h e ^ t r a j e c t o r y l e v e l the s i g n a t u r e f a c t o r 
and the t w i s t i n g operator a r e again the same. A l s o i t g i v e s the 
s t r u c t u r e of f£-Y~ p a r t i c l e v e r t e x which i s 
r(-p-o 
Chapter Four 
Higher point f u n c t i o n s and f u r t h e r t r a j e c t o r i e s 
4-1. Higher point f u n c t i o n s and f u r t h e r t r a j e c t o r i e s 
The techniques used i n the previous chapters can be a p p l i e d 
to the higher point f u n c t i o n s . T h e i r use allows us to e x h i b i t 
behaviour corresponding to the exchange of ot > (I and ^ t r a j e c t o r i e s 
together with f u r t h e r t r a j e c t o r i e s from the family d i s c u s s e d by 
8 
Hoyer . The ten point f u n c t i o n r e c e i v e s a c o n t r i b u t i o n corresponding 
to the t r i p l e ^ exchange, i t s f u l l c o n t r i b u t i o n e x h i b i t s a pole 
a t the middle ^=-1 which i s c a n c e l l e d by a pole i n a c o n t r i b u t i o n 
corresponding to the exchange of a new t r a j e c t o r y % with a s l o p e ! - . 
Only two diagrams e x h i b i t t h i s exchange; they a r e : the one with 
t w i s t s on a l l Reggeon l i n e s , and the one with t w i s t s on a l l l i n e s 
a part from the § t r a j e c t o r y l i n e (see Figs.16a,16b). To d e r i v e 
the c o n t r i b u t i o n of the % exchange to the diagram (16a) we s t a r t 
w i t h the Veneziano expression f o r the diagram (17a) and perform 
the change of v a r i a b l e s 
X, = i - M i . *t. =i-«fe 
Next we proceed as i n the ^ case, except t h a t t h i s time we keep 
4 
the terms up to X i n the exponential corresponding to (3-7) i n 
the previous chapter. Next we introduce a h e l i c i t y - l i k e i n t e g r a t i o n , 
perform the Ui o**& U 7 i n t e g r a t i o n s and continue \ t - 1 , 1 0 3'8 £ . 
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Next we perform the h e l i c i t y i n t e g r a l obtaining a d d i t i o n a l terms 
i n the exponential from the asymptotic form of the r e s u l t a n t 
,F"i f u n ctions. T h i s procedure i s then repeated - t h i s time with 
H i > U { , and * * * ' — t i l — and then again with 
S3.q • S2.g 
, X 5 f, S ^ 7 . S 5 I 
The r e s u l t a n t i n t e g r a t i o n i n v o l v e s 
- " S i * - * 
with 
H If 2. 
To f i n d the c o n t r i b u t i o n of the diagram (16b), we s t a r t 
from the expression corresponding to the diagram (17b) and 
perform the change of v a r i a b l e s 
y , = l - U , U t X I - U 5 U t, U 7 
Then we proceed as before. The f i n a l i n t e g r a t i o n t h i s time 
i s s i m i l a r to,(4-1) w i t h a r e l a t i v e negative sign, which shows 
t h a t the phase f a c t o r a s s o c i a t e d w i t h the complete 5 t r a j e c t o r y 
c o n t r i b u t i o n i s given by Q (^i-tn.) • 
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The next t r a j e c t o r y appears f o r the f i r s t time i n the 
twelve point function and so on. The t r a j e c t o r y with slope JL 
appears for the f i r s t time i n the zv\+x point function, F i g . (18a) . 
I t appears i n the chain shown i n F i g . (18) where °i i denotes 
th \ 1 t r a j e c t o r y with slope - i - i n the K channel ( f e- =-°<i » P*- • °*, = 
i n the previous n o t a t i o n ) . 
To e x h i b i t t h i s exchange we proceed e x a c t l y as before. I n 
the expression f o r the 2.1*4 a, point amplitude we introduce the 
multi-Regge v a r i a b l e s S i > + 1 ," £.•«.*, • ; 
and a score of v a r i a b l e s corresponding to ^ , 4L and *^  of the 
seven point function. The most important amongst them a r e those 
"TV 




Where S^K - ( ? i •+ Pt+i * P k ) • The s u c c e s s i v e c o n t i n u a t i o n 
i n ^n~\ ) ?*\- x ' w i l l , i n an onion-peeling way, convert 
the exchange of 2n-l , o< t r a j e c t o r i e s i n t o the exchange shown 
i n F i g . ( 1 8 ) . There are only two diagrams w i t h ( 2 K f i ) e x t e r n a l 
l e g s which c o n t r i b u t e to the exchange of a t r a j e c t o r y with slope 
) they are the one w i t h a t w i s t on a l l Reggeon l i n e s , and 
the one with a t w i s t on a l l l i n e s but the K l ^ Reggeon l i n e . 
(Figs.18a, 18b) . 
We s t a r t with the s i m p l e s t diagram namely (18a). I n c h i s 
> - in i 
c a se a l l $ -S w i l l have t o be continued to 6 • 
The order of e x t e r n a l p a r t i c l e s w i l l be d i f f e r e n t 
depending on whether Y\ i s even or odd as shown i n F i g s . (19a, 
and 19b) r e s p e c t i v e l y . We re-arrange the diagrams (19a) and (19b) 
as(20a) and (20b) r e s p e c t i v e l y . The expression f o r (20a) w i l l be 
as f o l l o w s 
l 
^ l * *• ' Xm.i X m Xr.-i: ----- X 2.H-I 
0-*») ( i - x o 
^ - ^ l - . x h . 1 x ,x M f I - x l H „ . ) 
(4-3) 
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Where • i s the t r a j e c t o r y whose argument S 
i n v o l v e s a l l momenta between n-c and y\-j as shown i n F i g . (20a). 
We change the v a r i a b l e s of i n t e g r a t i o n by the fol l o w i n g r u l e 
^ =. I - ^n-i. Un.^ 
With ^n»i > * <Cv\J X M + | unchanged, although f o r 
convenience renamed Uy\_i , U y\ ,Qm& U M + | • 
Next, we temporarily "keep S 4 , S3 > ^ f i x e d but l e t 
S,,S1((-J-* 0 0 • T ^ e asymptotic behaviour corresponding to the 
exchange of t r a j e c t o r i e s i n these channels i s e x h i b i t e d by 
the change of v a r i a b l e s 
We re-express a l l dependence on ( ^ ( L = *•> ) as a 
product of exponentials i n which we perform an expansion i n the 
power s e r i e s of \Xi keeping as many terms as w i l l be r e q u i r e d by 
f u r t h e r steps, and we r e p l a c e the exponential which i n v o l v e s 
^ j , ^ 5 a n c* the product of a l l U i by a h e l i c i t y - l i k e 
i n t e g r a l . 
Next we perform the ^ ( i n t e g r a t i o n s and obtain 
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C r • C I U L U , . . . , U t i 1 l S I M 4 | J I ^ (4-6) 
I M - I 
where ?(P, + --.p \ .' i n v o l v e s a l l momenta between i , j , as 
shown i n F i g . ( 1 9 ) • 
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The c o e f f i c i e n t s of CU L } , Ci a r e functions of U_i and are 
such t h a t when U.^  , CL i > b C , C i I • t h e i r e x p l i c i t 
form i s not very i l l u m i n a t i n g , and w i l l not be given here. I t 
can be e a s i l y found by the e x p l i c i t c a l c u l a t i o n . 
Next we perform the h e l i c i t y - l i k e i n t e g r a l and express the 
r e s u l t i n terms of two J", f u n c t i o n s and then c a l c u l a t e the l i m i t 
of each tfj f u n c t i o n for a l a r g e value of i t s argument (as we s h a l l 
p 
s h o r t l y l e t (-S £)-vOo w h i l e keeping U i ( - S i ) f i x e d with P<|)« 
We obtain an exponential f a c t o r Cjjip^fip.) from the asymptotic form 
of the (fj f u n c t i o n s . A f t e r c a n c e l l a t i o n w i t h the other terms i n 
the integrand we a r e l e f t w i t h 7. 
i r. T-
+ 1 * + 2-
-V 4- h i gW orders 
and a f a c t o r - -L - -L - ^ - J ' 
The other f a c t o r s which r e s u l t from the ^ y and i n t e g r a t i o n s 
and h e l i c i t y i n t e g r a t i o n s a r e (-K,) , (- Km^) __K|_Kr»»^ 
— U t W j •••^n,_i.^3,th 
and the phase f a c t o r necessary f o r the c o r r e c t a n a l y t i c 
c o n t i n u a t i o n of the amplitude. 
z 
Next we repeat the previous procedure t h i s time with Lt{ 
r eplaced byU-'.we change the v a r i a b l e s of i n t e g r a t i o n 
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l e t - S i , - S i n _ t 0 0 and w r i t e the term which cont a i n s 
cJ 2. ' ^2.h -2. a n c^ a ^ ^ { . a s a h e l i c i t y - l i k e i n t e g r a l and then 
perform the ^ t and ^ 1 B _ t i n t e g r a t i o n s to obtain 
(4-8) 
where 
B - » + b , W i h_ 3 ^ + b L l A l w . ^ + 
/ 1 J- 1 <2> c = - c , u 3 u 4 u l M _ 3 3, IK 
where as before 0t • ,b'>C a r e f u n c t i o n s of U;and are such t h a t 
wh en t' > o , C«- L , o L ' 1 C ( > 1 * 
As before we perform the h e l i c i t y - l i k e i n t e g r a t i o n , take the 
l i m i t of the r e s u l t a n t f u n c t i o n s and obtain an exponential 
f a c t o r «-*?(*JLj which again c a n c e l s the l e a d i n g terms of the 
other exponential f a c t o r s l e a v i n g us with 
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5 - # 
3 * 3 
n*\ 
3 c 3 3 
+ ^3^**3 + 
3 "a 3 3 
3 3 
3 3 
3 * 3 
3 3 3 
3 
* * * 3 * 3 
(4-9) 
We a l s o obtain f a c t o r s : 
( _ u : 
z 
U i.S-3 °U,1.H - , ) 
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Phase f a c t o r s necessary f o r the c o r r e c t a n a l y t i c a l c o n t i n u a t i o n 
-2. 
of the s i g n a t u r i z e d amplitude and an o v e r a l l f a c t o r 2 • 
To get the next t r a j e c t o r y we follow the same procedure as before, 
changing the v a r i a b l e s of i n t e g r a t i o n s . 
U > - r > U r 
l e t t i n g , S j . w . ^ — a n d w r i t i n g the term i n the exponential 
which contains ^3.^x^-3 a n d a 1 1 ^ *• a s a f e l i c i t y - l i k e i n t e g r a l 
and then perform t h e ^ and i n t e g r a t i o n and obtain 
b 3 ^ M - 3 ^ J 
x - ^ ) r ( A ^ D ( ^ V ) , (4-10) 
where 
f\ =, i + a", u * 5 ± £ ...... 
3 
8 1 • I . * 1 T ° l T 
3 * 3 I C . - C, 
h-3 
and where again C - 1 ' , t t - . 0 ^ C X a r e functions of U i. 
such t h a t U^—>• «> gi v e s a t - , • C, — • I • 
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Next we perform the h e l i c i t y - l i k e i n t e g r a t i o n , take the 
l i m i t of the r e s u l t a n t functions, obtaining an exponential 
f a c t o r G*P^ J which again c a n c e l s the l e a d i n g terms of 
the exponential and l e a v e s us with 
if ** V ^ 4-< U5S5 , Ulrt-tt&ilW U4U sS^S 5|^ < f 
+ * + £ * 
U4. Us Ui.n-q. S s , J . M - I . , 
+• 
X 
We proceed i n the same way to obtain a c o n t r i b u t i o n corresponding 
t o the exchange of h i g h e r t r a j e c t o r i e s . The l a s t i n t e g r a l w i l l be 
of the form 
1 
J 
I t g i v e s us 
n 
where ^ =. • 
" N 2_ 
A quick glance a t the phase f a c t o r s which r e s u l t from the h e l i c i t y 
i n t e g r a t i o n shows t h a t we are l e f t w i th the following product of 
terms. 
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j r ( ^ - ^ ; ' 3 ) r ( < " 3 - < ^ ) + ^ ^ j 
(4-11) 
We perform the required c o n t i n u a t i o n s and observe t h a t the f i n a l 
r e s u l t can be w r i t t e n as 
I \ S....1 k'. k' K . 




The c o n t r i b u t i o n of the second diagram (Fig.18b) can be 
c a l c u l a t e d i n the same way. F i r s t we w r i t e the expression 
corresponding to the diagram (21), and change the v a r i a b l e s of 
i n t e g r a t i o n by the fo l l o w i n g r u l e 
*. -
Xw + v = I - U M + | 
Xi«-i= I - U M | U w + 2 . Uw + 2 U* vq. 
where and remain unchanged. Then we continue following 
the s t e p s used i n the previous case. The f i n a l i n t e g r a l i n t h i s 
case i s n 
(4-13) 
which give s 
A/ 
.v\ oil w-i 
with (X w = 57 
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Eq.(4-13) shows t h a t the p r o p e r t i e s of odd and even numbered 
s i b l i n g t r a j e c t o r i e s a r e d i f f e r e n t . A l l odd numbered s i b l i n g 
t r a j e c t o r i e s c a r r y a phase f a c t o r of the form ( £ ± <Cti ) 
and so for them t w i s t i n g i s e q u i v a l e n t t o + si g n a t u r e . The even-
numbered t r a j e c t o r i e s have phase f a c t o r g (.1 + ^ -*) a n c ^ ^ o r 
them the concepts of s i g n a t u r e and t w i s t i n g a r e not e q u i v a l e n t . 
The appearance of only one y f u n c t i o n - f o r the £* htra j e c t o r y 
demonstrates the decoupling of o ^ t r a j e c t o r y from s t a t e s w i t h no 
more than i v \ + i p a r t i c l e s . Eq. (4-12) e x h i b i t s a l s o the general 
form of the two Reggeon - one p a r t i c l e v e r t e x function f o r the 
coupling of two adjacent Regge t r a j e c t o r i e s i n the family, and 
shows t h a t i t i s given by V U l + l [ .J*^,*) =» \C' ^ - ^ " [ J ^ 
Also, a f u r t h e r g e n e r a l i z a t i o n of the d i s c u s s i o n of chapter (2-2) 
shows that the two Reggeon - one p a r t i c l e v e r t e x function f o r 
the coupling of two t r a j e c t o r i e s w ith the same slope, i . e . 
H 
\/ (i> ^ a s a s^-m:'-^ar f o r m t o t n e f a m i l i a r two Reggeon -
one p a r t i c l e v e r t e x function (which corresponds to ) ; the 
only d i f f e r e n c e i s the appearance of an a d d i t i o n a l exponential 
f a c t o r * ^ P j - L"'• r and a replacement K—>-KK« We have not 
been able to e x h i b i t Regge exchanges which l e a d to the appearance 
of Reggeon v e r t i c e s , coupling t r a j e c t o r i e s which a r e f u r t h e r 
apart i n the f a m i l t ( i . e . of , ©L wi t h fc>l ) . I t appears t h a t 
such couplings vanish, and t h i s i s borne out by simple expectations 
based on the f a c t o r i z a t i o n h y p o t h e s i s . 
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The Cx^ t r a j e c t o r y i n t e r s e c t s °^ - | - K , (K = t»*, - ) 
For o< |^  the exchange dominates over the °^K-\ 
exchange. However as " "j< ~ ^ 7 4 ~i. the <^  K. 
exchange ( i n at l e a s t the 2K+2 point function) dominates f o r 
oL<^ — — 1 i . e . f o r l a r g e negative v a l u e s of the t r a n s f e r r e d 
momentum. However we end up with a cautious remark. 
The d i s c u s s i o n above r e l i e d to some extent on the Regge 
f a c t o r i z a t i o n . However as we have shown i n chapter 3 the new 
t r a j e c t o r i e s do rot appear to s a t i s f y any simple f a c t o r i z a t i o n , 
which makes t h i s d i s c u s s i o n a l i t t l e s uspect. However, the 
f a c t o r i z a t i o n i s v i o l a t e d only by the mismatch of some phase 
f a c t o r s and i t appears t h a t there i s some underlying s t r u c t u r e 
to the way the f a c t o r i z a t i o n i s broken. We have not been a b l e 
to understand more f u l l y t h i s s t r u c t u r e but we b e l i e v e t h a t the 
d i s c u s s i o n given i n the l a s t and i n t h i s chapter throws some 
l i g h t on 'this problem. At t h i s stage however, i t i s not c l e a r 
whether the determined t w i s t i n g p r o p e r t i e s of the new t r a j e c t o r i e s 
should be a s s o c i a t e d w i t h the t r a j e c t o r i e s themselves and not 
t h e i r couplings i n the s p e c i f i c c o n f i g u r a t i o n s t h a t we have 
stu d i e d . 
Chapter F i v e 
T r i p l e Reggeon Vertex 
I n t h i s chapter we t r y to e v a l u a t e the s t r u c t u r e of the 
following t r i p l e Reggeon v e r t i c e s : 
We do t h i s f o r s e v e r a l reasons. F i r s t of a l l i t w i l l allow us 
to understand b e t t e r the f a c t o r i z a t i o n p r o p e r t i e s of the new 
t r a j e c t o r i e s . A l s o i t w i l l c a s t some l i g h t on the s i m i l a r i t y 
and/or d i s s i m i l a r i t y of the oc and /3 t r a j e c t o r i e s . I t w i l l a l s o 
provide us with some information on the s t r u c t u r e of the coupling 
of two Reggeons to a p a r t i c l e w ith nonvanishing s p i n ; we s h a l l 
be a ble to see whether such a coupling can only be obtained 
by the c o n t i n u a t i o n of the fx* t r a j e c t o r y or whether i t can be 
given a l s o by the c o n t i n u a t i o n of the 0 t r a j e c t o r y . I f a 
c o n s i s t e n t p i c t u r e emerges our r e s u l t s may be u s e f u l i n a f u t u r e 
c o n s t r u c t i o n of a f i e l d theory i n v o l v i n g only Reggeons. 
5-1. Two /3 - one covert ex 
To obtain the s t r u c t u r e of the 2/3 - ©< v e r t e x we c o n s i d e r 
the s i m p l e s t diagram i n which t h i s v e r t e x may appear, namely 
the one which i s shown i n F i g . ( 2 2 a ) . We s t a r t w ith the diagram 
(23a), perform the r e q u i r e d a n a l y t i c a l c o n t i n u a t i o n s and take the 
asymptotic l i m i t corresponding to F i g . ( 2 2 a ) . We w r i t e the 
expression corresponding to diagram (23a), change the v a r i a b l e 
i ) ot- ( } - p v e r t e x 
i i ) v e r t e x 
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of i n t e g r a t i o n X^ to X ^ l - U ^ and obtain 
B < « \ J i y . J l x ^ o l K ^v ^ ^ s X» X t U 3 *(+ *S 
3 







S „ r 
S , 
As the amplitude i s o r i g i n a l l y defined when a l l these energies 
a r e negatove i t r e q u i r e s the con t i n u a t i o n 
-IT 
- t'TT 
= — S q £ 
LIT 
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As i s well-known t h e r e i s a nonlinear r e l a t i o n between K t. ctwl Kg 
corresponding to the t r i p l e Reggeon ve r t e x . We s h a l l d i s r e g a r d i t 
at t h i s stage; i t can be imposed on the r e s u l t a t the end of 
c a l c u l a t i o n . 
Changing the v a r i a b l e s of i n t e g r a t i o n 
we obtain 
*3 • f * . - ^ - i -Va-I -#\-\ B ~ &4 <-S t) S 5 J ^ J ^ j ^ X , . x < / 3 3 
r 2-
- X f H ^ - x U ^ K i ] I , (5-1) 
where 
1= 5 C'* 3 s 
(5-2) 
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We r e p l a c e t h e l a s t t h r e e t e r m s i n t h e e x p o n e n t i a l i n e q . ( 4 - 1 5 ) 
b y t h r e e h e l i c i t y - l i k e i n t e g r a l s and p e r f o r m t h e Y . a n d Y 
1 5 
i n t e g r a t i o n s t o o b t a i n 
( 5 - 3 ) 
w h e r e 
A = I - X*. + X v S j . K , ( - * - / r X ^ S l S 4 Ki K 5 < f u 
N e x t w e p e r f o r m t h e yVN i n t e g r a t i o n o b t a i n i n g : 
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( 5 - 4 ) 
W h e r e we h a v e s e t >^ - < ^ j ^ - ) » 
- u r ( e U / r t % , _ 2 7 r i 
S i n c e 
we o b t a i n 
I - - J - . t-KO e*' K * " r P 1  
a n t ^ 
We p e r f o r m t h e X a n d P i n t e g r a t i o n s b y u s i n g 
2-TJl J 
a n d o b t a i n 
- X l S x X 4 5 ^ KS 
( 5 - 6 ) 
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S u b s t i t u t i n g ( 4 - 1 9 ) i n t o ( 4 - 1 4 ) we o b t a i n 
, °° ' l 
5 J a x ^ x a ^ x H a , 
7. 
( 5 - 7 ) 
N e x t we c h a n g e t h e v a r i a b l e s -s. J j , . / ( - S i ) * > ^ 4 - = 
and r e p l a c e t h e l a s t t e r m i n t h e e x p o n e n t i a l i n (S~7 ) b y a 
h e l i c i t y - l i k e i n t e g r a l , p e r f o r m t h e a n d i n t e g r a t i o n s and 
o b t a i n : '(•M'tf 
We i n t r o d u c e t w o h e l i c i t y - l i k e i n t e g r a t i o n s b y a p p l y i n g t h e 
r e l a t i o n 
^ - ( 00 
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t o t h e t e r m s i n t h e l a s t t w o b r a c k e t s i n ( 4 - 2 1 ) , t h e n p e r f o r m 
t h e i n t e g r a t i o n a n d o b t a i n : 
s. (-^i) L-s*) s c k, e «- •<«» K* 
V J V V W ( 5 - 9 ) 
Eq . (5-9 ) shows t h a t t h e s t r u c t u r e o f ( i— OL v e r t e x i s 
7 
s i m i l a r t o t h e at-oi-U. v e r t e x , t h e o n l y d i f f e r e n c e i s t h e 
r e p l a c e m e n t 
a n d t h e a p p e a r a n c e o f t h e a d d i t i o n a l f a c t o r s X £ K y . 
5 - 2 . The t r i p l e fl v e r t e x 
T o o b t a i n t h e s t r u c t u r e o f t h e t r i p l e /3 v e r t e x we c o n s i d e r 
t h e d i a g r a m shown i n F i g . ( 2 2 b ) . We w r i t e t h e e x p r e s s i o n c o r r e s p o n d i n g 
t o F i g . ( 2 3 b ) a n d c h a n g e t h e v a r i a b l e s o f i n t e g r a t i o n 
X * * i - u s 
o b t a i n i n g 
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f -<Ax-\ ,^v_, 
y t ( i - u , ) ( i - y s ) 1 
x 5 o - u s } 
- s 3 
I -
[ l - V x t l - U 1 ) ] [ l - X x X S ( . ' - , » 4 l 
l -
I -
l - X < r ( i ~ i O 
s s s 4 K 5 S,S,.SjK,lCL* 
l -
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W h e r e we h a v e a l r e a d y i n t r o d u c e d t h e m u l t i - R e g g e v a r i a b l e s 
b y o b s e r v i n g t h a t 
S d 5 7 ~ S 4 S s f C „ 
c 
s * n + f c s 7 ~ S2.s sK(, 
r 13 
S J i t ~ - S t S s S 4 Kt<|V 
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As 
a r e 
t h e a m p l i t u d e i s o r i g i n a l l y d e f i n e d w h e n a l l t h e s e e n e r g i e s 
n e g a t i v e i t r e q u i r e s t h e f o l l o w i n g c o n t i n u a t i o n s : 
- tTT 
s 3 = - s, e 
- i T l i 
"1/ = e 
F r o m s i x o n l y f i v e a r e i n d e p e n d e n t . A g a i n , a t t h i s s t a g e 
we d i s r e g a r d t h i s r e l a t i o n b e t w e e n t h e m ; i t c a n b e i m p o s e d a t 
t h e end o f c a l c u l a t i o n s . 
C h a n g i n g t h e v a r i a b l e s o f i n t e g r a t i o n 
S i S i+ 5 L 
we o b t a i n 
- S i _ s 
x t x r 
I -
1 - X 5 ( i - u ^ 
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t - V a - I -*<£. - l 
<4(f »-»- X,.S* K, 
1 - X x O - U i } J J 
l - U , 
! - - I I I I I I 
( i - u^> 
( 5 - 1 2 ) 
8 0 
We r e p l a c e t h e l a s t n i n e t e r m s i n t h e e x p o n e n t i a l i n ( 5 - 1 2 ) b y 
n i n e c o m p l e x h e l i c i t y - l i k e i n t e g r a l s , p e r f o r m t h e Y , Y a n d Y -
1 4 6 
i n t e g r a t i o n s a n d o b t a i n 
X , . U * ^ t S , K,Ki.<|> 
2_ 
* 1 
x ^ x 5 ^ * ^ ^ ^ / ^ U ^ , s 3 K , ^ ( ' ^ 
p. 
* 3 
V y V j l - X . C , - U 3 f 
^ U a X s S j S s K , ^ ^ ^ ) ( 5 - 1 3 ) 
8 1 
w h e r e 
E> - + w s s 3 K 3 
D = l - X s + ^ s S s C i - X O ( i - a ^ K s • 
N e x t we c h a n g e t h e v a r i a b l e s 
X, _ ^ X , - f , 
x*—^ 
y * \ , . — v n , - p t 
W t > W U - ?3 
p e r f o r m t h e P ^ , a n d i n t e g r a t i o n s a n d t a k i n g t h e l i m i t o f ^ 
f u n c t i o n s we o b t a i n 
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\ 1 - X v X r ( I ' U O / L \ ' 1 
v. 
*«1 
R e p l a c i n g t h e t h r e e c u r l y b r a c k e t s b y ( - i n « ) a^?\-(Jl(^H( • n » i t + M 3 t > l t ^ i . - » ^ i ) | 
a n d c h a n g i n g t h e v a r i a b l e s 
VV1, *» - * , - V * 3 +o<fe 
a l l o w s u s t o p e r f o r m t h e X » , VAi a n d w\ L i n t e g r a t i o n s o b t a i n i n g 
I 
( - X t , U s S 1 . S 3 K l ) C - U 3 X s S 3 S s K w ) ( - X l X s s ' - s s K t l " M 3 
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- X i U j S V S 3 < L U3X5 5 * 5 5 K<f 
I-X5 I - X O C s l l - U j ) 
5-w» \ 
± 2 f > JO (fc-x^]4) . 
T h e l a s t t h r e e b r a c k e t s i n t h e a b o v e e x p r e s s i o n a r e a l l o n e i n 
t h e m u l t i - R e g g e l i m i t . T h u s e a c h o f t h e X t , \ j a n d W i 3 i n t e g r a t i o n s 
g i v e s z e r o a n d we s e e t h a t t h e e x p r e s s i o n u n d e r c o n s i d e r a t i o n 
v a n i s h e s . T h i s s u g g e s t s t h a t t h e t r i p l e 3 v e r t e x v a n i s h e s o r t h a t 
i t d e c o u p l e s f r o m t h e a m p l i t u d e u n d e r c o n s i d e r a t i o n . T o u n d e r s t a n d 
t h i s p o i n t f u r t h e r w o u l d r e q u i r e c o n s i d e r a t i o n o f h i g h e r p o i n t 
a m p l i t u d e s . T h u s i t a p p e a r s t h a t s i m p l e e x p e c t a t i o n s b a s e d o n 
assumed s i m i l a r i t y b e t w e e n o( a n d (3 t r a j e c t o r i e s a r e n o t b o r n e 
o u t . T h i s p o i n t d e s e r v e s f u r t h e r s t u d y . 
C h a p t e r S i x 
P o s s i b l e p h e n o m e n o l o g i c a l i m p l i c a t i o n o f t h e 
new t r a j e c t o r i e s o n t h e P i o n t r a j e c t o r y 
6 - 1 . I n t r o d u c t i o n 
T h e new t r a j e c t o r i e s f o u n d i n t h e p r e v i o u s c h a p t e r s w e r e 
d e t e r m i n e d i n t h e c o n v e n t i o n a l d u a l m o d e l (CDM) . T h e y p r o v i d e d 
c o n t r i b u t i o n s t o t h e g e n e r a l s c a t t e r i n g a m p l i t u d e t h a t d o m i n a t e 
o v e r t h e u s u a l ( dl l e v e l ) c o n t r i b u t i o n a t l a r g e enough v a l u e s 
o f t r a n s f e r r e d momentum. T h u s t h e (*(~ "t0*"-^!.) t r a j e c t o r y 
d o m i n a t e s t h e oL t r a j e c t o r y f o r oC < - I , t h e ^ ^ " 0 t r a j e c t o r y 
t a k e s o v e r f o r c ^ ^ - ' i a n d so o n . H o w e v e r , s i n c e , as i s w e l l 
k n o w n , t h e i n t e r c e p t o ^ # o f t h e Regge t r a j e c t o r y i n t h i s m o d e l h a s 
f o r r e a s o n s o f c o n s i s t e n c y w i t h u n i t a r i t y o f t h e d e r i v e d d u a l 
f i e l d t h e o r y a v a l u e o f u n i t y we s e e t h a t t h e /3 c o n t r i b u t i o n o n l y 
d o m i n a t e s f o r a momentum t r a n s f e r ( t ) g i v e n b y "fc C ' W o ) / ^ ' * 
E v e n i f we assume ' r e a l w o r l d ' i n t e r c e p t o - j - f o r t h e $ 
a n d <xf0 - ° f o r t h e TT t h e c o r r e s p o n d i n g /3 t r a j e c t o r i e s w i l l 
s t i l l b e v e r y d i f f i c u l t t o o b s e r v e e x p e r i m e n t a l l y s i n c e a t s u c h 
v a l u e s o f i t t h e i r e f f e c t s a r e l i k e l y t o b e masked b y t h e 
c o n t r i b u t i o n s o f Regge c u t s . H o w e v e r , t h e CDM p o s s e s s e s n o 
n o n t r i v i a l i n t e r n a l s y m m e t r y a n d i t i s p o s s i b l e t h a t t h e 
p r o p e r t i e s o f new t r a j e c t o r i e s d e p e n d v e r y s t r o n g l y on t h e 
i n t e r n a l Q u a n t u m n u m b e r s . T h i s i s i n d e e d s u p p o r t e d b y t h e 
18 19 
c o n s i d e r a t i o n o f t h e NSM ' w h i c h c o n t a i n s a Q u a n t u m n u m b e r 
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r e s e m b l i n g G - p a r i t y a n d t h u s d i s t i n g u i s h e s b e t w e e n t h e 7T a n < j J 
t r a j e c t o r i e s . I n t h i s m o d e l t h e c o r r e s p o n d i n g j3 t r a j e c t o r i e s 
^ , f l j a r e s h i f t e d u p w a r d s b y 3/<j. a n d ' / z . r e s p e c t i v e l y a b o v e 
t h e i r CDM c o u n t e r p a r t s . T h e s e s h i f t s b r i n g t h e p f f a n d {->g 
w i t h i n t h e r a n g e o f p o s s i b l e p h e n o m e n o l o g i c a l i n t e r e s t , a n d s o 
i n t h i s c h a p t e r we d i s c u s s t h e i r p r o p e r t i e s w i t h t h i s a i m i n 
m i n d . We t a k e t h e p o s i t i v e v i e w t h a t t h e new t r a j e c t o r i e s o f 
t h e NSM may a p p e a r i n p h y s i c a l a m p l i t u d e s a n d we c o n s i d e r how 
t o e x h i b i t t h e i r c o n t r i b u t i o n s , a n d t h e i r p o s s i b l e p h e n o m e n o l o g i c a l 
c o n s e q u e n c e s . P h y s i c a l a m p l i t u d e s i n v o l v e b a r y o n s o f c o u r s e , 
a n d n o t k n o w i n g how t o i n c l u d e t h e i r e f f e c t i v e assume t h a t t h e i r 
i n c l u s i o n d o e s n o t c h a n g e t h e p r e d i c t i o n s o f t h e N e v e u - S c h w a r z 
s cheme . We d e r i v e c o n f i d e n c e f o r t h i s a s s u m p t i o n f r o m t h e 
o b s e r v a t i o n t h a t t h e s p e c t r u m o f s t a t e s i n t h e f e r m i o n - a n t i f e r m i o n 
c h a n n e l o f t h e Ramond d u a l m o d e l a g r e e s w i t h t h a t o f t h e NSM, a n d 
a l s o f r o m t h e f a c t t h a t t h e s h i f t o f t h e new t r a j e c t o r i e s i n t h e 
NSM i s a s s o c i a t e d w i t h t h e a b s e n c e o f c e r t a i n s t a t e s i n i t s 
s p e c t r u m . 
I n t h e n e x t s e c t i o n we d i s c u s s t h e p r o p e r t i e s o f t h e 
t r a j e c t o r y a n d d i s c u s s i t s p h e n o m e n o l o g i c a l c o n s e q u e n c e s . T h e n 
we b r i e f l y r e v i e w t h e s i t u a t i o n w i t h o t h e r new t r a j e c t o r i e s i n 
b o t h t h e + a n d G=-sectors. 
86 
6 - 2 . T h e l 3 H t r a j e c t o r y 
T h e m u l t i - R e g g e l i m i t o f t h e u n s i g n a t u r i z e d 6 - p o i n t f u n c t i o n 
i n t h e NSM h a s b e e n s t u d i e d i n r e f e r e n c e 2 0 , w h e r e i t was shown 
t h a t t h e r e l a t i v e l y c o m p l i c a t e d f o r m o f t h e e x c h a n g e i n t h e p i o n 
c h a n n e l i n f a c t r e p r e s e n t e d t h e e x c h a n g e o f 2 e x c h a n g e - d e g e n e r a t e 
p a i r s o f n e g a t i v e G p a r i t y t r a j e c t o r i e s ; t h e t w o p a i r s ( H - H > i*)- At) 
b e i n g o f o p p o s i t e n a t u r a l i t y a n d h a v i n g t h e common t r a j e c t o r y 
f u n c t i o n o< •= L + o f ' t T h u s t h e p i o n p o l e a t s o i s a t a c h y o n . 
H o w e v e r , a g o o d f e a t u r e o f t h e m o d e l , as shown i n r e f e r e n c e 20 , 
i s t h e e x p l i c i t a b s e n c e o f a s p i n 1^  s t a t e (H) f r o m t h e p i o n -
p a r t n e r t r a j e c t o r y . I n d e e d , i t i s h o p e d t h a t w h e n a n d i f t h e 
m o d e l i s r e n d e r e d m o r e r e a l i s t i c b y g i v i n g t h e TT a n d f r e a l i s t i c 
i n t e r c e p t s , t h i s g o o d f e a t u r e w i l l b e p r e s e r v e d . T h u s , we u s e 
r e a l i s t i c i n t e r c e p t s w h i l e a l s o a s s u m i n g t h e a b s e n c e o f t h i s s t a t e . 
T h e f u l l y s i g n a t u r i z e d f o r m o f t h e 6 - p o i n t a m p l i t u d e w e r e 
o b t a i n e d i n r e f . 2 1 . , w h e r e i t was d e m o n s t r a t e d t h a t t h e a b s e n c e 
o f t h i s p o l e i n t h e u n s i g n a t u r i z e d a m p l i t u d e l e a d s t o t h e 
a p p e a r a n c e o f a w r o n g s i g n a t u r e p o l e i n t h e f u l l y s i g n a t u r i z e d 
a m p l i t u d e w h i c h t h u s n e e d s t o b e c a n c e l l e d b y a n o t h e r , p r e v i o u s l y 
n e g l e c t e d , c o n t r i b u t i o n t o t h e a m p l i t u d e . T h i s o t h e r c o n t r i b u t i o n 
i s p r o v i d e d b y t h e ^TI-JJ: °/H + -£ t r a j e c t o r y , w h i c h i n t e r s e c t s 
t h e t r a j e c t o r y a t t h e p o l e p o s i t i o n , i s i t s e l f s i n g u l a r a t 
=. I a n d p r o v i d e s t h e n e c e s s a r y c a n c e l l a t i o n . 
F r o m i t s f o r m we s e e t h a t e v e r y w h e r e i n t h e 
p h y s i c a l r e g i o n s o t h a t t h e c o n t r i b u t i o n t o t h e a m p l i t u d e o f 
t h e (i e x c h a n g e d o m i n a t e s t h a t o f t h e p i o n e x c h a n g e . 
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W h a t a r e t h e p h e n o m e n o l o g i c a l c o n s e q u e n c e s a n d how d o we 
l o o k f o r t h e e x c h a n g e e x p e r i m e n t a l l y ? 
T h e f u l l c o n t r i b u t i o n o f e x c h a n g e t o t h e m u l t i - R e g g e 
l i m i t o f t h e 6 - p o i n t a m p l i t u d e o f F i g . ( 2 4 ) was shown i n r e f . 2 1 
t o h a v e t h e f o r m 
V»l* , .U iK. ) + 1 ^ V * 0 » ^ S K . ^ 
w h e r e 
( 6 - 1 ) 
S , S t S t S; 
- 17^ 1 
e +t £ 
T h e e x p r e s s i o n f o r t h e p t r a j e c t o r y c o n t r i b u t i o n i s e a s i l y 
s h o w n t o b e 
K, eK> r 3 s 3 • ( 6 " 2 ) 
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The above e x p r e s s i o n s a r e v a l i d i n t h e m u l t i - R e g g e l i m i t ; 
t h e y a l s o h o l d when t h e s u b e n e r g i e s S , S^  a r e n o t t o o l a r g e . 
From (6-2) we see t h a t /3 exchange o c c u r s o n l y i f t h e Reggeons 
0^ , a r e b o t h t w i s t e d and t h i s , a l o n g w i t h t h e absence i n 
(6-2) o f t h e gamma f u n c t i o n s o f t h e o^tf-otaj p r o p a g a t o r s shows 
t h a t t h e 3 t r a j e c t o r y decouples from a l l q u a s i - 2 body and q u a s i -
3 body f i n a l s t a t s . Thus t h e energy dependence o f t h e diagram 
o f F i g . ( 2 5 ) w i l l , when n e i t h e r p a i r o f p a r t i c l e s (23) o r (45) 
r e s o n a t e s , e x h i b i t an a d d i t i o n a l c o n t r i b u t i o n c o r r e s p o n d i n g t o 
t h e exchange o f t h e (2^ t r a j e c t o r y . Since, i n t h e p h y s i c a l r e g i o n 
fly t h i s c o n t r i b u t i o n dominates and i t s i m p o r t a n c e i n c r e a s e s 
w i t h t h e i n c r e a s e o f r a p i d i t y gap between t h e c l u s t e r s (23) and 
( 4 5 ) . T h i s suggests t h e f o l l o w i n g p o s s i b l e phenomenological 
search f o r such e f f e c t s : 
C onsider t h e process shown i n F i g . ( 2 5 ) f o r w h i c h we a g a i n 
assume t h a t t h e presence o f n u c l e o n s does n o t a l t e r t h e p a t t e r n . 
I s o l a t e t h e "pion-exchange c o n t r i b u t i o n - i . e . t h e c o n t r i b u t i o n 
f o r w h i c h t h e exchange c a r r i e s -meson quantum number. Study 
t h e b e h a v i o u r o f t h i s process as a f u n c t i o n o f t h e i n c o m i n g energy 
f o r d i f f e r e n t v a l u e s o f t h e i n v a r i a n t masses o f t h e "[TIT } TTN 
f i n a l s t a t e c l u s t e r s (we choose t h e -ft p a i r e d w i t h t h e o u t g o i n g 
n u c l e o n i n such a way t h a t t h e r a p i d i t y gap between t h i s p a i r 
o f p a r t i c l e s and t h e o t h e r p a i r i n t h e f i n a l s t a t e i s as l a r g e 
as p o s s i b l e ) . The events i n w h i c h n e i t h e r p a i r o f p a r t i c l e s i n 
t h e f i n a l s t a t e r e s o n a t e s s h o u l d e x h i b i t a d i f f e r e n t - e n h a n c e d -
energy dependence, and a d i f f e r e n t dependence on t h e momentum 
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t r a n s f e r between t h e two p a i r s o f p a r t i c l e s . I n p r a c t i c e t h e 
p i o n exchange can be i s o l a t e d by c h o o s i n g t h e momentum t r a n s f e r 
, 2. 
as s m a l l as p o s s i b l e s i n c e a t x x ~ ^ ° t h e has a p o l e 
whereas t h e ^ c o n t r i b u t i o n i s r e g u l a r . For l a r g e v a l u e s o f 
t h e e f f e c t s due t o t h e (3^ exchange s h o u l d become more i m p o r t a n t , 
l e a d i n g t o an e f f e c t i v e "R t r a j e c t o r y w h i c h i s almost f l a t (see 
F i g . ( 2 7 ) , i n w h i c h t h e i n t e r c e p t s have been s h i f t e d t o t h e i r 
p h y s i c a l v a l u e s ) . We emphasise t h a t t h i s p r e d i c t i o n o f an 
e f f e c t i v e l y f l a t p i o n t r a j e c t o r y a p p l i e s o n l y t o genuine 6-body 
processes, t h e |?fj decouples f r o m any q u a s i - 2 o r 3 body. F i n a l 
s t a t e system f o r whi c h ( e x c l u d i n g t h e e f f e c t s o f Regge c u t s ) 
Due t o t h e p r a c t i c a l d i f f i c u l t i e s i n v o l v e d w i t h t h e above 
method o f l o o k i n g f o r ^ ; w e suggest t h e f o l l o w i n g a l t e r n a t i v e 
method, based on t h e p o s s i b l e breakdown o f Regge f a c t o r i z a t i o n . 
Consider t h e f o u r processes shown i n F i g . ( 2 7 ) i n w h i c h t h e 
Regge l i n e denotes exchange o f a p i o n - l i k e quantum number. F o r 
l a r g e i n c o m i n g energy t h e a m p l i t u d e s f o r t h e processes i n F i g . 
(28a,b,c, ) a r e a p p r o x i m a t e l y g i v e n by 
Where A / ^ j > Vnnfl denotes t h e (averaged) c o u p l i n g o f t h e 
t r a j e c t o r y t o t h e systems o f XN/ ,I N H and 3H r e s p e c t i v e l y . I f we 
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denote t h e a m p l i t u d e o f t h e process (28d) as D, Regge f a c t o r i z a t i o n 
o f t h e &f t r a j e c t o r y shows t h a t , i n t h e absence o f t h e j J ^ 
c o n t r i b u t i o n , we expect 
'v'l a s y m p t o t i c a l l y . C8 
However, t h e a m p l i t u d e receives a l s o a c o n t r i b u t i o n f r o m t h e (3^ 
exchange. Thus 
D S
C J L + E , W W . E . V ^ S ( 6 _ 3 ) 
i s t h i s a d d i t i o n a l c o n t r i b u t i o n . Thus we see t h a t t h e presence 
o f t h e |3 t r a j e c t o r y w i l l show up t h r o u g h 
Thus t h e d e t e c t i o n o f t h e breakdown o f Regge f a c t o r i z a t i o n , 
t o g e t h e r w i t h t h e i n c r e a s e o f t h i s r a t i o w i t h energy would be 
an i n d i c a t i o n o f t h e a d d i t i o n a l fa t r a j e c t o r y c o n t r i b u t i o n . 
The above i s t o some e x t e n t schematic s i n c e i n p r a c t i c e 
t h e r e a r e s e v e r a l a m p l i t u d e s needed t o d e s c r i b e t h e above 
processes. Our problem r e s t s i n n o t knowing how t o i n t r o d u c e 
t h e s p i n e f f e c t s o f f e r m i o n s i n t o t h e p i c t u r e . We have assumed 
t h a t such e f f e c t s w i l l n o t c r u c i a l l y a f f e c t t h e p r e d i c t i o n s . 
F u r t h e r i t i s p r o b a b l e t h a t t h e p r e d i c t i o n s w i l l be m o d i f i e d 
by t h e e f f e c t s o f Regge c u t s , w h i c h may s h i e l d t h e p r e d i c t e d 
e f f e c t c o m p l e t e l y . However, i t i s h a r d t o f i n d any c o m p e l l i n g 
reason why t h e y s h o u l d mock t h e e f f e c t i n 4. Thus a p o s i t i v e 
s i g n a l i n 4 would l e n d some credence t o t h e e x i s t e n c e o f t h e fin 
t r a j e c t o r y and t o i t s c o u p l i n g p a t t e r n . 
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6-3. Other new t r a j e c t o r i e s 
21 I n t h e odd G - p a r i t y channel we have i n a d d i t i o n a l t o 
t h e anew t r a j e c t o r y c o r r e s p o n d i n g t o t h e o^io , namely /iu,= ^^u> 
T h i s t r a j e c t o r y ( e x t r a p o l a t i n g t h e d i s c u s s i o n t o p h y s i c a l 
i n t e r c e p t s ) w i l l o n l y have any s i g n i f i c a n t e f f e c t from around 
| t | Io^O-5,Thus i t s e f f e c t s may be d i f f i c u l t t o observe 
e x p e r i m e n t a l l y . 
To l o o k f o r t h e o t h e r t r a j e c t o r i e s we need t o c o n s i d e r 
processes w i t h more p a r t i c l e s i n t h e f i n a l s t a t e . As i s a l r e a d y 
w e l l known t h e e i g h t p o i n t f u n c t i o n shown i n F i g . ( 2 9 ) w i l l 
r e c e i v e c o n t r i b u t i o n s from t h e exchange o f , ^  t I t : 
2 2 
has been shown t h a t t h e form o f and a r e 
/MO »-t ^ ?t*> ' V-o-lo^w + i-, 
r e s p e c t i v e l y . 
Of t h e s e . i s p r o b a b l y more i m p o r t a n t p h e n o m e n o l o g i c a l l y s i n c e 
Y^(o) ^ bt^(o) whereas < ^ j l o \ ^ . ^ J t o ) • To f i n d t h e form o f 
f u r t h e r t r a j e c t o r i e s we need t o c o n s i d e r h i g h e r and h i g h e r p o i n t 
f u n c t i o n s . The a n a l y s i s becomes more and more i n v o l v e d as t h e 
number o f e x t e r n a l p a r t i c l e s i n c r e a s e s , and g e n e r a l methods need 
t o be developed. Nahm has r e c e n t l y , u s i n g p a r t i t i o n f u n c t i o n 
t e c h n i q u e s , d e r i v e d t h e form o f t h e l e a d i n g t r a j e c t o r i e s i n b o t h 
G - p a r i t y channels c o n s i d e r e d t o g e t h e r . H i s method g i v e s 
92 
A summary o f a p r e c r i p t i o n which enables us t o i s o l a t e t h e 
r e l e v a n t t e r m i n NSM i n t e r g r a n d t h a t c orresponds t o t h e 
t r a j e c t o r i e s found by Nahm i s g i v e n i n t h e appendix o f re f . l j S - . 
However-, n e i t h e r method y i e l d s t h e form o f t h e r e m a i n i n g £,TT 
t r a j e c t o r i e s , l e t a l o n e t h e U t r a j e c t o r i e s . To d e t e r m i n e t h e 
former we t a k e t h e above found t r a j e c t o r i e s and, t a k i n g a h i n t 
f rom t h e i n t e r s e c t i o n p a t t e r n o f t h e CDM, we l o o k f o r a s i m i l a r 
p a t t e r n i n t h e NSM. The f o l l o w i n g scheme emerges: 
=:&^ cd 
~ £ S " 
g i v i n g t h e t r a j e c t o r y f u n c t i o n s o f 
5 = ±-«, 
«V = fa 
I f ! - ! = 2. 




T h i s i s t h e o n l y c o n s i s t e n t scheme t h a t we can f i n d . F u r t h e r , 
we expect t h e to t r a j e c t o r i e s t o resemble t h o s e o f t h e channel 
( g u i d e d by t h e known |2 w - ) . Observe now t h a t , i f we use 
t h e p h y s i c a l i n t e r c e p t s o ^ n(o^ = © ;otj(.»} — > A l l t r a j e c t o r i e s 
w i t h f i -meson quantum numbers i n t e r s e c t a t two p o i n t s on t h e 
Chew-FrautcKi p l o t , - j s o , i = o a^A ^ = J- , fl w h i l e 
t r a j e c t o r i e s i n t h e $ meson channel have i n t e r s e c t i o n s a t 
• j - X , -t = o and 3" = o > -t = - • Thus, i n t h i s scheme, we see t h a t 
t h e h i g h e s t l y i n g " e f f e c t i v e " t r a j e c t o r y i n t h e n (S) channel, 
d e t e r m i n e d i n processes w i t h a r b i t r a r y numbers o f produced 
p a r t i c l e s w i l l be as shown i n F i g . (29a, b, ) ; i . e . i n b o t h cases 
t h e t r a j e c t o r y f l a t t e n s ( a p p r o a c h i n g <* - •£ ) f o r a l l n e g a t i v e 
v a l u e s o f momentum t r a n s f e r . I f however we r e s t r i c t o ur 
c o n s i d e r a t i o n s t o CL f i n i t e number o f p a r t i c l e s i n t h e f i n a l s t a t e 
t h e e f f e c t i v e t r a j e c t o r y a c q u i r e s a s l o p e o f a l s o f o r •£ <C 0 > 
as i n d i c a t e d by t h e dashed l i n e i n F i g . ( 2 9 a ( b ) ) . The v a l u e o f 
t h e s l o p e depends on t h e number o f f i n a l s t a t e p a r t i c l e s d e c r e a s i n g 
as t h e l a t t e r i n c r e a s e s . 
S ince t h e above i s o n l y t r u e i n h i g h energy l i m i t s t h e 
t r a j e c t o r i e s i n t h e rho channel may be d i f f i c u l t t o e s t a b l i s h 
e x p e r i m e n t a l l y so t h a t a t p r e s e n t e n e r g i e s t h e most hope must 
l i e w i t h t h e e s t a b l i s h m e n t o f t h e ft-, t r a j e c t o r y e x i s t e n c e . 
Chapter Seven 
The S t r u c t u r e o f t r i p l e Pomeron 
v e r t e x i n t h e case o f square 
r o o t t r a j e c t o r i e s 
I n t r o d u c t i o n 
As i s well-known u n i t a r i t y r e q u i r e s t h e e x i s t e n c e o f Regge 
c u t s b e s i d e s Regge p o l e s . These two t y p e s o f s i n g u l a r i t i e s can 
i n t e r a c t w i t h each o t h e r and m u t u a l l y i n f l u e n c e each o t h e r . I n 
t h e case o f t r a j e c t o r i e s w i t h i n t e r c e p t c l o s e t o one t h e Regge 
c u t s formed from such Regge p o l e s are, f o r " t ^ o , a l s o c l o s e t o one 
and t h e i n t e r a c t i o n between t h e s e s i n g u l a r i t i e s can have v e r y 
p r o f o u n d e f f e c t s on t h e p r o p e r t i e s o f each o f them. To s t u d y t h e 
e f f e c t s o f such i n t e r a c t i o n , and t h e r e s u l t a n t e f f e c t s on t h e 
a s y m p t o t i c b e h a v i o u r o f t h e f o u r p o i n t f u n c t i o n , GriboV i n 1968 
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i n t r o d u c e d t h e s o - c a l l e d Reggeon f i e l d t h e o r y . T h i s t h e o r y , 
based on a Lqgrangian, can reproduce a l l diagrams o f t h e u s u a l 
Regge expansion. To t a k e account o f t h e a b s o r p t i v e n a t u r e o f t h e 
two Pomeron c u t t h e b a s i c c o u p l i n g c o n s t a n t o f t h e t h e o r y - t h e 
t r i p l e Reggeon v e r t e x - i s t a k e n t o be p u r e l y i m a g i n a r y . T h i s 
c h o i c e was shown t o reproduce t h e s i g n a t u r e r u l e f o r t h e Regge 
c u t and seems t o s t a n d on v e r y f i r m t h e o r e t i c a l grounds. However, 
t h e o r i g i n a l d i s c u s s i o n was based on t h e l i n e a r f orm o f t h e 
Pomeron Regge t r a j e c t o r y and one may wonder whether t h i s r e s u l t 
w i l l have t o be a l t e r e d i f t h e o t h e r form o f t h e Pomeron t r a j e c t o r y 
i s c o n s i d e r e d . 
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I n t h i s c h a p t e r we use t h e r u l e s o f Reggeon f i e l d t h e o r y 
t o i n v e s t i g a t e t h e s t r u c t u r e o f t h e t r i p l e Pomeron v e r t e x i n t h e 
case o f square r o o t t r a j e c t o r i e s . The reason f o r i n t r o d u c i n g such 
t r a j e c t o r i e s was g i v e n i n r e f . ( 9 a ) . B r i e f l y , i f t h e Pomeron i s a 
s i n g l e p o l e , JT=-O^ (-0 > t h e n t h e bra n c h p o i n t o f a c u t c o r r e s p o n d i n g 
t o t h e exchange o f n-such p o l e s i s g i v e n by 
J = ^ n ( - V ) = n o U f y " \ ) - ( n - i ) . ( 7 - i ) 
Thus, i f ot'(o) i s f i n i t e , OiA(o)^\ , <x'A(.«0 c -L ck' (o) 
and a l l s i n g u l a r i t i e s 3"=°^MI-0 i n t e r s e c t a t t h e p o i n t ( J = 1, t = c 
on t h e Chew-Frautschi p l o t t u r n i n g t h i s p o i n t i n t o an e s s e n t i a l 
s i n g u l a r i t y . One way o f a v o i d i n g t h i s e s s e n t i a l s i n g u l a r i t y as 
i t has been p o i n t e d o u t i n r e f . ( 9 a ) i s t o r e q u i r e t h a t t h e 
s i n g u l a r i t i e s a r i s i n g f r o m many Pomeron exchanges c o i n c i d e w i t h 
t h e Pomeron i t s e l f , i . e . 
ol A lO = Y\ QL - (n-l) = & [4.) 
Thus UU) 5 l o ( l V ( ) - l (7-2) 
For t h e two Pomeron exchange. The s o l u t i o n i s g i v e n by 
Since an a m p l i t u d e w i t h vacuum quantum numbers s h o u l d be r e g u l a r 
a t t = o, an a d d i t i o n a l s i n g u l a r i t y i s r e q u i r e d a t 
Thus t h e p a r t i a l wave a m p l i t u d e has t h e s t r u c t u r e 
w i t h t h e r e q u i r e m e n t t h a t ft (."TA) i s a n a l y t i c a t t = o. For t = 
t h e a m p l i t u d e has a s i n g l e p o l e o r a do u b l e p o l e a t J = 1 
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depending on whether /3(J, o) c o n t a i n s o r does n o t c o n t a i n a f a c t o r 
- ]). We s h a l l assume t h a t i n g e n e r a l 3 ( J , o ) i s f i n i t e a t J = 1. 
I n t h e f i r s t s e c t i o n we e v a l u a t e t h e c o n t r i b u t i o n o f a s i n g l e 
p o l e and o f a two-Pomeron c u t t o t h e s c a t t e r i n g a m p l i t u d e and t o 
t h e t o t a l c r o s s s e c t i o n . I n d o i n g t h i s we f o l l o w t h e t e c h n i q u e 
25 
used by De Tar i n t h e case o f l i n e a r t r a j e c t o r i e s . We f i n d t h a t 
t h e c o n t r i b u t i o n o f t h e p o l e s and o f t h e c u t a r e o f o p p o s i t e s i g n . 
I n t h e n e x t s e c t i o n we use t h e r u l e s o f Reggeon f i e l d t h e o r y 
t o d e t e r m i n e t h e s t r u c t u r e o f t h e t r i p l e Pomeron v e r t e x . We f i n d 
t h a t , as i n t h e l i n e a r t r a j e c t o r y case, t h i s v e r t e x i s p u r e 
i m a g i n a r y . 
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7-1. The two-Pomeron c u t 
I n o r d e r t o o b t a i n t h e c o n t r i b u t i o n o f t h e two Pomeron c u t 
t o t h e s c a t t e r i n g a m p l i t u d e , we s t a r t from a s i m p l e Pomeron p o l 
The c o n t r i b u t i o n o f a s i m p l e p o l e t o t h e s c a t t e r i n g a m p l i t u d e 
can be e v a l u a t e d u s i n g t h e M e l i n t r a n s f o r m 
Oo 
A C*rO ZITI 
o r 
where t h e c o n t o u r c i s shown i n ( F i g . 3 1 ) . (7-4) 
S u b s t i t u t i n g (7-3) i n t o (7-4) g i v e s 
A ( s , o ^ 
z(l-o<) 
(7-5) 
where S « * t t ) , 3 ( 4 ) • 
Eq (7 5) can be w r i t t e n as 





The c o n t r i b u t i o n t o t h e i m a g i n a r y p a r t o f t h e a m p l i t u d e f o r 
p o s i t i v e s i g n a t u r e and a t t = o i s 
Usin g t h e o p t i c a l theorem we see t h a t t h e t o t a l c r o s s - s e c t i o n i s 
6 ^ t * L$s . (7-6) 
To o b t a i n t h e c o n t r i b u t i o n o f a two Pomeron c u t (shown i n 
Fig.32) t o t h e s c a t t e r i n g a m p l i t u d e we foll'bw t h e c a l c u l a t i o n s 
o f r e f . ( 2 4 ) a n d w r i t e 
p(-(y,)jC-S) + S 
2- [_ 2Cl-o<0 
t O + s 
(7-7) 
where i , Zl • 2 erf. ( t ^  ,5 ( t () , a r e t h e l e a d i n g t r a j e c t o r i e s 
i n t h e i.'L channel, and where we have d e f i n e d t h e channel i n v a r i a n t s 
as i n d i c a t e d i n ( F i g . 3 2 ) ; 
l 2-
H a - lfa-1.) 
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t « « ( & - & • ) 
(7-8) 
B and B. a r e t h o s e p a r t s o f t h e two Pomeron - two p a r t i c l e 
s c a t t e r i n g a m p l i t u d e w h i c h have a d i s c o n t i n u i t y i n 
r e s p e c t i v e l y . We have a l s o s e t X-c =+1 • 
26 
Next we i n t r o d u c e Sudakov v a r i a b l e s . To do t h i s we d e f i n e t h e 
b a s i s v e c t o r s 
Any v e c t o r , i n p a r t i c u l a r ^ , may be w r i t t e n as 
Such t h a t 
and such t h a t - l a 
100 
Next, we e v a l u a t e t h e channel i n v a r i a n t s i n terms o f t h e s e v a r i a b l e s . 
Eq (7-7) can be w r i t t e n as 
where 
A^> * { H i H 
(7-9) 
H * 1-5) + S I ( S, M/, MTL) 
(i) 
(7-10) 
and w i t h a s i m i l a r e x p r e s s i o n f o r A . ~ , e t c . 
To o b t a i n t h e a s y m p t o t i c b e h a v i o u r o f A ( s , t ) , we e v a l u a t e 







Then t h e i n v e r s e t r a n s f o r m i s a s y m p t o t i c a l l y g i v e n by: 
(7-12) 
I n o r d e r t o o b t a i n t h e M e l l i n t r a n s f o r m o f (7-10a) i t i s 
c o n v e n i e n t t o e v a l u a t e f i r s t t h e M e l l i n t r a n s f o r m o f I(.S.,Mtf»tfl) 
i n ( 7 - 1 0 c ) . The M e l l i n t r a n s f o r m o f J ( Hfc* ) has been 
e x p l i c i t l y c a l c u l a t e d i n r e f . ( 2 5 ) . I t i s g i v e n by: 
where ^ 
w i t h a s i m i l a r d e f i n i t i o n o f j 5 i s a low-energy c u t o f f 
used i n t h e d e f i n i t i o n o f t h e m u l t i - R e g g e l i m i t (can be t a k e n 
as "S - ) . 
Given t h e M e l l i n t r a n s f o r m o f ^ 6 , Ha', Mfc'.) t * 1 6 M e l l i n 
t r a n s f o r m o f H i n (7-10b) can be e a s i l y found. T h i s was shown 
i n t h e appendix o f r e f . (24) . 
Thus 
C ) •=• — — 
( . 2 NOV WT'" 
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y ( / a ^ i n j Coi-TT^ G»-L-Tl^ 




Since t h e s i g n a t u r e o f a c u t i s t h e p r o d u c t o f s i g n a t u r e s o f t h e 
exchanged t r a j e c t o r i e s , t h e c u t appears o n l y i n t h e p o s i t i v e 
s i g n a t u r e d a m p l i t u d e i f "C{ = + \ • 
The e x p r e s s i o n s f o r A^,^' A > ' AmJI a r e s i m i l a r t o 
e q . ( 7 - 1 4 ) . 
The f a c t o r C does n o t , i n f a c t , i n t r o d u c e s i n g u l a r i t i e s 
i n t o t h e p a r t i a l wave a m p l i t u d e , s i n c e t o a v o i d r i g h t - s i g n a t u r e 
f i x e d p o l e s , b o t h and must v a n i s h a t t h e zeros o f 
denominator o f C r i . e . 
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N'aU, = ^ ^T - tO 12>\.b C T ^ u . l L } = f i n i t e 
U s ing t h e M e l l i n t r a n s f o r m (7-12) we o b t a i n 
A l s o : 
(7-15) 
When t = o and b o t h t r a j e c t o r i e s a r e t h e same we see t h a t 
2. 
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7-2. The s t r u c t u r e of t r i p l e Pomeron coupling of Reggeon f i e l d theory 
I n t h i s s e c t i o n we t r y t o use the techniques of Reggeon f i e l d 
24, 27 
theory ' to evaluat e the t r i p l e Pomeron v e r t e x i n the case of 
Schwarz t r a j e c t o r i e s . To do t h i s we s t a r t w i t h the diagram shown 
i n ( F i g . 3 3 ) . We d e f i n e the propagator f o r a Reggeon of Momentum 
where E = 1 - J and Y i s r e a l . Both E and q are conserved a t each 
v e r t e x . Next we c a l c u l a t e the c o n t r i b u t i o n of t h i s diagram. We 
f i n d 
i as 
L 
(1,1 > i 
(-•) 
(e'V*V ( E * a / r ) (e-t/t) 
2. Z 
( 7.' i ^  
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Where Q> ? > E and E are i n d i c a t e d i n (Fig.33) and A 
i s the t r i p l e Pomeron coupling constant. We perform the E ' 
i n t e g r a t i o n i n (7-18) and obtain 
I r z n i ' U . - l O (7-19) 
where 
i . . j / . - • 
\ df — -
rtjffj1 +<xJff)L 
or i n terms of p o l a r c o o r d i n a t e s : 
( 1 I 
I , ' \ <*r<*fr t , , ; — 
I , - — f«lr 
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where d - E l + f c 
Thus: 
»WO* V 
and s u b s t i t u t i n g t h e s e r e s u l t s i n t o eq(7-18) we get: 





Expression (7-20) has a branch cut as shown i n (Fig.34) a t 
- t y / ^ i - ^ E ^ +l"Y\ZTt together with two double poles which 
c o i n c i d e with the branch p o i n t s . The d i s c o n t i n u i t y a c r o s s the 
cut i s given by 
. . . , a (-I'M* 
The s c a t t e r i n g amplitude c o n s i s t s of two terms; one corresponds 
to double poles and the cut, and the other corresponds to a 
s i n g l e pole, i . e . 
To obtain the s c a t t e r i n g amplitude we f i n d the M e l l i n transform 
of (7-21). The M e l l i n transform of the second term (a simple pole) 
can be e a s i l y found and i t s c o n t r i b u t i o n to the t o t a l c r o s s 
s e c t i o n , by us i n g the o p t i c a l theorem i s 
(7-22). 
Next we f i n d the M e l l i n transform of the f i r s t term i n (7-21) 
which corresponds to the c o n t r i b u t i o n of double poles and the 
cut and i t i s given by 
• \ r ( s 
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The above i n t e g r a l diverges. T h i s r e s u l t s from the coin c i d e n c e 
of the poles and the branch points of the cut. But s i n c e we a r e 
i n t e r e s t e d i n the s i g n of the cut c o n t r i b u t i o n we evaluat e the 
controbution due to the cut only w i t h no double pole. To do t h i s 
we r e p l a c e by A j given by 
1-HlfP 
J? 
TT 0 - J 
i - i K / - t 
T h i s replacement corresponds to the replacement of the diagram 
i n (Fig.33b) by the diagram shown i n ( F i g . 3 5 ) . 
To perform t h i s i n t e g r a l we change the v a r i a b l e of i n t e g r a t i o n 




The amplitude i n (7-23) o s c i l l a t e s but s i n c e the t o t a l c r o s s 
s e c t i o n i s p r o p o r t i o n a l to the imaginary p a r t of the s c a t t e r i n g 
amplitude a t t = o, we see t h a t the c o n t r i b u t i o n of the cut to 
the t o t a l c r o s s s e c t i o n i s given by 
XK * ( 7 - 2 4 ) 
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and i s constant. 
I n the f i r s t s e c t i o n of t h i s chapter we pointed out t h a t the 
c o n t r i b u t i o n of a two Pomeron cut to the t o t a l c r o s s s e c t i o n i s 
negative as i n the l i n e a r t r a j e c t o r y case. Comparing eq.(7-22) 
. 2. 
and eq.(7-24), according to the above statement ^ 0 must be 
negative, i . e. 'Xo - L f > which shows t h a t the t r i p l e 
Pomeron v e r t e x i s pure imaginary f o r both the square root 
t r a j e c t o r i e s and f o r the l i n e a r t r a j e c t o r i e s . 
I l l 
Conclusion 
I n the f i r s t s e c t i o n of t h i s t h e s i s we have st u d i e d the 
multi-Regge l i m i t of the Veneziano amplitude and d i s c u s s e d those 
p r o p e r t i e s which a r e r e l a t e d to the appearance of new t r a j e c t o r i e s 
( s i b l i n g s ) . The f i r s t member of thes e t r a j e c t o r i e s (0) appears f o r 
the f i r s t time i n the s i x point function, i t decouples from the 
s t a t e s with two or th r e e p a r t i c l e f i n a l s t a t e s , i t has p o s i t i v e 
s i g n a t u r e and i s r e l a t e d to the parent ( oi) t r a j e c t o r y by the 
r e l a t i o n j3 s= *2L - . We found t h a t the appearance of t h i s 
t r a j e c t o r y a l t e r s the nea r e s t Reggeon-Reggeon-particle v e r t i c e s 
and Regge propagators and th a t the t w i s t i n g operator i s not 
equivalent to the s i g n a t u r i z a t i o n , f o r t h i s t r a j e c t o r y . We a l s o 
showed t h a t the coupling of 2/3-particle has s i m i l a r s t r u c t u r e to 
the 2 p a r t i c l e vertex. 
The next member of these t r a j e c t o r i e s (^ ) appears f o r the 
f i r s t time i n e i g h t point function. I t s slope i s of ^ 
t r a j e c t o r y ' s slope and i t i s r e l a t e d to the oi. t r a j e c t o r y by 
^=?j-l« The t w i s t i n g operator and s i g n a t u r i z a t i o n are e q u i v a l e n t 
(up t o the sign) on the ^  t r a j e c t o r y l e v e l . 
The next s i b l i n g t r a j e c t o r y which has slope -L of the o<. 
t r a j e c t o r y appears f o r the f i r s t time i n ten point function, and 
so on. The t r a j e c t o r y w i t h s l o p e a p p e a r s f o r the f i r s t time i n 
(i-n+a.) point f u n c t i o n . 
We have pointed out that the p r o p e r t i e s of odd and even 
numbered s i b l i n g t r a j e c t o r i e s are d i f f e r e n t . For a l l odd numbered 
s i b l i n g t r a j e c t o r i e s t w i s t i n g operator i s eq u i v a l e n t t o + sign a t u r e , 
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whereas f o r the even numbered s i b l i n g t r a j e c t o r i e s they a r e 
d i f f e r e n t . 
We have a l s o shown t h a t the complete c o n t r i b u t i o n of these 
t r a j e c t o r i e s to the m u l t i p a r t i c l e amplitude do not s a t i s f y 
conventional f a c t o r i z a t i o n requirement. We have a l s o s t u d i e d the 
t r i p l e Reggeon ve r t e x and found out t h a t the coupling of 3/3 
t r a j e c t o r i e s vanishes and the 2/3 ver t e x i s s i m i l a r to the t r i p l e 
o( vertex. F i n a l l y we d i s c u s s e d the phenomenological consequences 
of these t r a j e c t o r i e s , and showed that the (3^ t r a j e c t o r y of the 
Neveu-Schwarz model should be e a s i e s t to d e t e c t experimentally. 
I n the l a s t chapter we have st u d i e d the s t r u c t u r e of the 
t r i p l e Ppmeron ver t e x i n Reggeon f i e l d theory i n the case of 
square root t r a j e c t o r i e s and we have shown t h a t b a r r i n g some 
t e c h n i c a l problems t h i s v e r t e x i s expected to be imaginary l i k e 
i n the conventional theory (with l i n e a r t r a j e c t o r i e s ) . 
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Appendix 
I n t h i s appendix we d i s c u s s the a n a l y t i c a l c o n t i n u a t i o n s 
which we have to perform i n order to determine the asymptotic 
behaviour of the amplitudes shown i n F i g . ( 7 ) d i r e c t l y f o r 
p o s i t i v e S j . 
F i r s t we co n s i d e r the amplitude of F i g . ( 7 a ) . We s t a r t w i t h 
the expression (2-3) and proceed as i n s e c t i o n (2-1), escept 
t h a t t h i s time we do not expand f a c t o r s i n v o l v i n g and x^. 
(We s h a l l perform the req u i r e d a n a l y t i c a l c o n t i n u a t i o n to 
p o s i t i v e s2» before we take the asymptotic l i m i t of the amplitude) 
Proceeding as before we obtain 
6 
. (A.l) 
^ — _ _ — — J . 
To perform a c o n t i n u a t i o n of t h i s expression to any s^ we 
28 
observe t h a t as t , 
the expression ( A . l ) can be r e w r i t t e n as 
( l - Xx VX-uS* KZ ) ^ X V S X K , K ^ ) 
7 (A.2) 
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where the contour of i n t e g r a t i o n i s shown i n F i g . ( 3 $ . Next the 
contour i s d i s t o r t e d as i n F i g . (3.7) and then the ra d i u s of the 
i s i n c r e a s e d to 0 0 , w i t h corresponding i n c r e a s e s i n contours 
C and C . I n the l i m i t of the contour C l y i n g a t » i t s 
J. J A 
c o n t r i b u t i o n can be neglected, for as the integrand 
behaves as 
and can be made to v a n i s h f a s t enough by a s u i t a b l e choice of 
of, ,011 > <* i and S t * 
T h i s allows us to keep only the c o n t r i b u t i o n of contours 
and C 3» 
Next we perform the required a n a l y t i c a l c o n t i n u a t i o n (2-2), 
and observe that during t h i s c o n t i n u a t i o n the phase of the 
argument z of the*ffunction changes but does not go outsi d e the 
range - ^ -n ^. a r 3 ^ T 1 * guaranteeing no unexpected c o n t r i b u t i o n 
from the p r e v i o u s l y neglected contour C^-
Now we take the l i m i t S t — + l t * Notice t h a t f o r 
x 2 on C x 
-2 1 ^ T V S i . 
w h i l e for on the corresponding f a c t o r vanishes e x p o n e n t i a l l y 
IT S i 
e - z i /Ot»lT S t showing t h a t the l e a d i n g c o n t r i b u t i o n comes 
e n t i r e l y from C^. The le a d i n g asymptotic behaviour comes from 
X t *v o - But 
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so, using the r e l a t i o n which d e s c r i b e s the behaviour of the 
functi o n when i t s argument z e n c i r c l e s the o r i g i n ^ , we obtain 




The c o n t r i b u t i o n due t o the /3 exchange comes from the (JT f u n c t i o n 
i n (A.3) and so we a r e l e f t w ith the i n t e g r a l 
e"1 ^ X 2. 
1-1 — i l l 1 1 \ 
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The contour l i e s e s s e n t i a l l y along the imaginary a x i s ; f o r 
small x 2 i t s phase i s s l i g h t l y over H/i , f o r l a r g e r x^ i t s 
phase i s j u s t under "H/l. (see F i g . 3 8 ) . As the 0 exchange comes 
from the small x 2 t h i s way of drawing the contour j u s t i f i e s the 
approximation 
«- . — iir » \ \ 
> *M 
which together with a f u r t h e r change of v a r i a b l e x^ = i z ^ l eads 
d i r e c t l y t o the r e s u l t obtained i n s e c t i o n (2-1)exp.(2-13). 
To d i s c u s s the amplitude corresponding to Fig.(7b) we 
proceed as i n s e c t i o n (2-1) and obtain 
t , .... .. - .y \ I w , I . \t \ 1/ V A 1 
1 
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We perform a change of v a r i a b l e s 
1 - X i 
and obtain 
Next we d i s t o r t the contour u n t i l i t runs e s s e n t i a l l y along 
the imaginary a x i s , l i k e the x^ contour i n F i g . ( 3 8 ) . T h i s 
d i s t o r t i o n i s p o s s i b l e as the c o n t r i b u t i o n due to the q u a r t e r 
c i r c l e a t oo vanishes. Next we perform the r e q u i r e d a n a l y t i c a l 
c o n t i n u a t i o n of K\ > Kj_ and • As i n the case of the 
untwisted Reggeon the phase of the argument of the ^ f u n c t i o n 
does not go o u t s i d e the range - ^ "Z.^'&E. showing t h a t the 
c o n t r i b u t i o n of the q u a r t e r c i r c l e a t 0 6 does indeed vanish. 
Next we proceed as before. The c o n t r i b u t i o n corresponding 
to the /3 exchange comes from the ^F, f u n c t i o n which expresses 
the behaviour of t h e ^ fun c t i o n when i t s argument e n c i r c l e s the 
o r i g i n . Again, the way the contour i s drawn j u s t i f i e s the 
approximation of t h i s ^ function by i t s asymptotic behaviour; 
then the U2 i n t e g r a t i o n can be performed; i t g i v e s the p r e v i o u s l y 
obtained r e s u l t (2-19). 
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F i g u r e Captions 
F i g . l . Diagrams for the Veneziano amplitude d e s c r i b i n g s c a t t e r i n g 
of two s p i n l e s s p a r t i c l e s . 
2. Diagrams which c o n t r i b u t e to the Regge l i m i t of four point 
amplitude. 
3. F i v e point amplitude e x h i b i t i n g n o t ation used i n the t e x t . 
4. Graphs f o r the Veneziano amplitude of the f i v e point f u n c t i o n . 
5. The multi-Regge l i m i t of the s i x point f u n c t i o n . 
6. The multi-Regge l i m i t of the s i x point amplitude corresponding 
to the exchange of a 0 t r a j e c t o r y i n the second channel. 
7. The diagrams used f o r determining the Veneziano amplitude 
of s i x point f u n c t i o n s . 
8. The mutli-Regge l i m i t of the s i x point amplitude corresponding 
to the exchange of ^ t r a j e c t o r i e s . 
9. A Chew-Frautschi p l o t of the o^and /3 t r a j e c t o r i e s . 
10. The multi-Regge l i m i t of the seven point f u n c t i o n s 
corresponding to the exchange of double 3 t r a j e c t o r i e s . 
11. The diagrams used f o r determining the Veneziano amplitude 
of the seven point function. 
12. The multi-Regge l i m i t of the seven point amplitude 
corresponding to the exchange of one /3 t r a j e c t o r y . 
13. The diagrams used f o r determining the Veneziano amplitude 
of the seven point function. 
14. (a,b,c,d,e,g): The multi-Regge l i m i t of the e i g h t point 
f u n c t i o n corresponding to the exchange of 3/3 t r a j e c t o r i e s . 
( f , h ) : The multi-Regge l i m i t of the eight point f u n c t i o n 
corresponding to the exchange of 3/3 and one ^ t r a j e c t o r i e s . 
15. The diagrams used f o r determining the Veneziano amplitude 
of the eig h t point function. 
16. The multi-Regge l i m i t of the ten point f u n c t i o n s corresponding 
to the exchange of % t r a j e c t o r y . 
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Fig.17. The diagrams used f o r determining the Veneziano amplitude 
of ten point f u n c t i o n . 
18. The multi-Regge l i m i t of (*-* + ^  p oint f u n c t i o n corresponding 
to the exchange of a t r a j e c t o r y w i t h s l o p e -L i n the 
channel. 
19. The diagrams corresponding t o the Veneziano amplitude of 
the + point function. 
20. The diagrams corresponding to the Veneziano amplitude of 
the Z^-V%-*2.) point f u n c t i o n . 
21. The diagrams corresponding to the Veneziano amplitude 
of the (2.»ift) point function. 
22. a. The s i m p l e s t diagram which g i v e s c o n t r i b u t i o n to the z (3<< 
vertex. 
b. The s i m p l e s t diagram which g i v e s c o n t r i b u t i o n to the 33 
vertex. 
23. a. The diagram used f o r determining the Veneziano amplitude 
of the eigh t point function. 
b. The diagram used f o r determining the Veneziano amplitude 
of the nine point function. 
24. The multi-Regge l i m i t of the s i x point function t h a t 
e x h i b i t s c o n t r i b u t i o n of ot^ and ^ t r a j e c t o r i e s i n the 
second channel. 
25. A s i n g l e Regge l i m i t of the s i x point f u n c t i o n . 
26. A s i n g l e Regge l i m i t of the s i x point function corresponding 
to the exchange of (3^ t r a j e c t o r y . 
27. The e f f e c t i v e IT t r a j e c t o r y a f t e r t a k i n g the 
c o n t r i b u t i o n i n t o account. 
28. a. A s i n g l e Regge l i m i t of the four,point amplitude. 
b,c,d: A s i n g l e Regge l i m i t of the f i v e point amplitude. 
29. The multi-Regge l i m i t of the eight point function 
corresponding to the exchange of o ^ / ^ f and Jfp t r a j e c t o r i e s . 
30. The e f f e c t i v e t r a j e c t o r i e s i n IT and f channels. 
31. The i n t e g r a t i o n contour for the M e l l i n transform. 
32. The two-Pomeron - cut diagram. 
33. The lowest order c o n t r i b u t i o n of the Q 
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.34. The Regge s t r u c t u r e i n the E plane cut. 
35. The modified Regge cut diagram (with e x t e r n a l l i n e s 
amputated). 
36. The i n t e g r a t i o n contour i n the plane. 
37. The modified i n t e g r a t i o n contour i n the X L plane. 
38. The par t of the contour i n t e g r a l which g i v e s non zero 
c o n t r i b u t i o n i n the Regge l i m i t . 
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